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Abstract 

We investigate Riemann-Roch theory for directed graphs. The Riemann-Roch criteria of Amini and 
Manjunath is generalized to all integer lattices orthogonal to some positive vector. Using generalized 
notions of a uo-reduced divisor and Dhar's algorithm we investigate two chip-firing games coming from 
the rows and columns of the Laplacian of a strongly connected directed graph. We discuss how the 
"column" chip-firing game is related to directed G-parking functions and the "row" chip-firing game 
is related to the sandpile model. We conclude with a discussion of arithmetical graphs, which after a 
simple transformation may be viewed as a special class of directed graphs which will always have the 
Riemann-Roch property for the column chip-firing game. Examples of arithmetical graphs are provided 
which demonstrate that either, both, or neither of the two Riemann-Roch conditions may be satisfied 
for the row chip-firing game. 
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1 Introduction 

We use standard graph theoretic and discrete geometric notation and terminology, which may be found 
in [5J [TT] and |20[ respectively. All graphs in this paper are finite and have no loops although they may 
be directed or have multiple edges (multi-graphs). We refer the reader to Section [TTT] for some basic notation 
and definitions. 

Let i? be a positive n + 1 dimensional vector and = {D G Z"+^ : D ■ R ~ 0}. Fix A, a full- 
dimensional sub-lattice of A/^. As noted in 11.11 we refer to an element D E Z"+^ as a divisor. We say 
divisors D,D' G Z"+^ are equivalent, denoted by _D ^ D', if and only ii D — D' E A. We say a divisor 
E G Z"+^ is effective if E > 0. For any divisor D e Z"+^, the linear system associated to D is the set \D\ 
of all effective divisors which are equivalent to D, i.e., \D\ = {E E Z"+^ : E > 0, E ^ D} and the degree of 
D, written degn^D), is given hy D ■ R. 

Definition 1.1. For any divisor D E Z""*"^, define the rank of D, denoted hy r{D), as follows: 

r{D) = mm{dcgjj{E) : \D - E\ = (d, E > 6} - I. 

Baker and Norine [5] developed a graph theoretic analogue of the Riemann-Roch formula, originally by 
studying a certain unrestricted chip-firing game on graphs. Geometrically their result states that for the 
lattice Ag spanned by the rows of the Laplacian of a finite undirected graph G, there exists a canonical 
divisor K E Z"+^ whose i-th entry is deg{vi) — 2, of degree 2g — 2 (where g = \E{G)\ — \V{G)\ -I- 1) such 
that for any divisor D E Z"+^, 

r{D) - r{K - D) = dcg^{D) + l-g. (1) 

Many of their results have since been generalized to a variety of objects including tropical curves, metric 
graphs and edge weighted graphs [T3j [151 El ES]. Recently Amini and Manjunath T showed that by 
viewing a the chip-firing game of Baker and Norine geometrically as a walk through the lattice spanned by 
its Laplacian, a pair of necessary and sufficient Riemann-Roch conditions, equivalent to those of Baker and 
Norine, could be generalized to all sub-lattices of the lattice Aj. They refer to these conditions as uniformity 
and reflection invariance. 

In Section 121 Theorem 12.261 shows that the criteria of Amini and Manjunath [1] naturally extends to any 
full-dimensional sublattice of A/;. Lorenzini [ 171 gives an alternate Riemann-Roch criteria for such lattices. 
Our approach differs from his in that we first give a specific rank function (Definition II. 1[) and use this 
to define a pair of necessary and sufficient conditions for a lattice A to have the Riemann-Roch property. 
Lorenzini [TT] instead says that such a lattice has the Riemann-Roch property if there exists a suitable rank 
function (§2.1 in [17])) i-e., one which would allow for a Riemann-Roch formula ([T]) satisfying certain desirable 
properties. We conclude section 2 with Theorem 12.321 showing that a full-dimensional lattice A C Ajj has 
the Riemann-Roch property if and only if TZA C Aj does, where TZ = diag{rQ, . . . ,r„). This result is later 
employed when studying the column chip-firing game and when discussing the relationship of chip-firing on 
arithmetical graphs to the row chip-firing game on associated direct graphs. 

Various chip-firing games on graphs have been studied in [3l|4l|5l [12l [HI [211 [22l [211 [211 [21] . Baker and 
Norine [2] introduced an unrestricted chip-firing game on undirected graphs to prove their Riemann-Roch 
formula. Their game is as follows: begin with a graph and an integer number of "chips" at each vertex. A 
vertex either borrows a chip along each of its edges from its neighbors or it fires, sending a chip along each of 
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its edges to its neighbors. The objective of the game is to bring all of the vertices out of debt. In Section[31 we 
investigate two separate generalizations of the unrestricted chip-firing game on undirected graphs to directed 
graphs. To understand the two different generalizations of this game to directed graphs we should study how 
this game relates to the graph Laplacian. The question of whether a configuration D, also called a divisor, 
can be brought out of debt by some sequence of firings and borrowings is the equivalent to the question of 
whether \D\ ^ 0, i.e., r{D) > for the lattice Aq- This is because a sequence of chip-firings corresponds 
to translation by a lattice point in Aq. Let G be a directed graph whose adjacency matrix A with i, jth 
entry A^j is the number of edges directed from i to j. Let "D = diag{deg^ {vi), . . . , deg '*'(«„)) where deg^(w) 
denotes the number edges leaving vertex v £ V{G). We call the matrix Q = V — A the Laplacian matrix of 
the directed graph G. Note that this directed Laplacian is symmetric if and only if it is the Laplacian of a 
graph with bidirected edges, i.e., an undirected graph. We investigate r(D) and the Riemann-Roch formula 
for the lattice spanned by the rows of Q and the lattice spanned by the columns of Q. For both of these 
lattices, it is equivalent to study certain chip-firing games on G. We note that throughout the paper the 
directed graphs being studied are constrained to be strongly connected, i.e., for any two vertices i,j € V{G), 
there exists a directed path from i to j. 

Studying the lattice spanned by the rows of the directed Laplacian is equivalent to studying the row 
chip-firing game in which if a vertex fires, it will send a chip along each of its outgoing edges. In [2], an 
important object, called a uo-reduced divisor, is introduced. Essentially this is a configuration, where every 
vertex is out of debt with the possible exception of vq and there is no way of "pushing" any money towards 
vq. We generalized this notion of a vq reduced divisor to the row chip-firing game on a strongly connected 
directed graph in Section 13.1.11 In Section 13.1.21 we generalize Dhar's Algorithm, which Baker and Norine 
used implicitly in [5]. Dhar's algorithm allows one to check whether a divisor whose entries are nonnegative 
for all vertices other than vq is i;o-reduced and gives, when the divisor is reduced, all of the equivalent vq- 
reduced divisors (for the case of directed graphs, a "yo-reduced divisor is no longer in general unique). When 
the divisor is found to not be wo-reduced, a firing is obtained, which will bring it "closer" to some ?;o-reduced 
divisor. In section 4 we present examples which show that lattice spanned by the rows of Q may or may not 
have the Riemann-Roch formula. 

We say a directed graph has the strong Riemann-Roch property for directed graphs if it has the Riemann- 
Roch property and it has a canonical vector K whose ith entry K{vi) is deg^(wi) — 2. We then mention 
a connection between the sandpile model and the Riemann-Roch property for the row chip-firing game in 
Section 13.1.31 The directed sandpile model is a constrained version of the row chip-firing game where we 
restrict our attention to effective divisors. We fire vertices only when they have at least as many chips as their 
outdegree (so that the divisor remains effective). While many authors require a global sink and ignore the 
number of chips at this vertex. Because we are studying strongly connected digraphs it is sufficient for our 
discussion to simply require that a specified vertex vq not fire. A divisor D is stable if stable if no vertices may 
fire and a stable divisor D is recurrent if for every other divisor there exists a way of adding chips to vertices 
after which the divisor will stabilized to D. We show that for a directed graph G, the lattice Ag has the 
strong Riemann-Roch property for directed graphs if and only if for every WQ-recurrent sandpile configuration 
_D, which is minimal with respect to dominance away from vo^ there exists D' — D — keo, k S Z>o, which is 
a continuous extreme divisor. The notion of a continuous extreme divisor is introduced in section 2 and is 
equivalent to saying that there exist Ei G Z>o for < « < n such that Eiivi) = and Ei{vj) > for z ^ j 
and D' ^ Ei. We note that wo-reduced divisors, their connection to wo-recurrent sandpile configurations and 
the generalized Dhar's algorithm were independently discovered by Speer [53] although he was not aware of 
the connection with Riemann-Roch theory. 

Studying the the lattice spanned by the columns is equivalent to studying the column chip-firing game 
in which if a vertex borrows, it sends a chip along each of its incoming edges and loses a number of chips 
equal to its outdegree. The number of chips is not conserved, but if we restrict our attention to strongly 
connected digraphs then we find that there exists a canonical set of currencies, which are integer multiples 
of some universal currency, with exchange rates so that the game is conservative. In Section 13.21 we explain 
that the WQ-reduced divisors for this game are precisely the directed G-parking functions studied in [9]. We 
show that when studying the column chip-firing game on a strongly connected graph, it is equivalent to 
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study the row chip-firing garae on an associated Eulerian directed graph, that is, a directed graph for which 
each vertex has the same number of outgoing and incoming edges. We also mention how Dhar's algorithm 
can be run on a divisor in the column chip-firing game without any serious revision. 

We then consider the case of arithmetical graphs in Section 21 An arithmetical graph is an undirected 
multigraph along with a vector R e N""*"^, with R = (ro, ...,r„), where is the weight of vertex Vi subject 
to the constraint that the sum of the weights of the vertices adjacent to Vi (counting with multiplicity 
equal the number of edges shared with Vi) you obtain 6iri for some Si S N. We define the Laplacian of an 
arithmetical graph to be the same as for a standard multigraph, but with the ith entry along the diagonal 
equal to Si instead of the degree of vi. Lorenzini [TH| introduced arithmetical graphs as a way of studying 
the intersection matrices of degenerating curves, which encode some of the discrete data associated with the 
degeneration. In this paper our interest in arithmetical graphs is derived from the fact that they form a class 
of vertex weighted graphs whose Laplacian spans an n-dimensional sub-lattice of A^. Indeed, Chung and 
Langlands [8] introduced a Laplacian matrix for a graph with weights on its vertices, and noted in [17] that 
if for all < i < n the weight of the vertex Vi is the square of the positive integer r^, the Laplacian matrix 
introduced in [5] is the same as the one defined above. The chip-firing game of Baker and Norine extends to 
arithmetical graphs by assigning to each vertex its own currency, interpreting each vertex's multiplicity as 
the integer exchange rate between this vertex's currency and the universal chip currency. This is very similar 
to the notion of currencies employed when studying the column chip-firing game. In doing so we are able to 
give a combinatorial interpretation of the geometric definitions and statements of Section [2] for arithmetical 
graphs. 

We may obtain from an arithmetical graph (G, R) with Laplacian Q, the Laplacian Q — QTZ (where 
TZ — diag{ro, . . . ,r„)) of a closely related directed graph. In this way we may view arithmetical graphs as 
a special type of directed graph, particularly since this coordinatewise scaling reduces the chip-firing game 
for arithmetical graphs to the row chip-firing game for directed graphs and preserves the Riemann-Roch 
property by Theorem 12.321 In Theorem 14. II we show that the all of the associated directed graphs have the 
Riemman-Roch property for the column chip-firing game. 

Given an arithmetical graph (G, R) we define go by the formula 2gQ — 2 — X]r=o '''ii^i ~ 2)- See [T^ for a 
simple that go is integral and note that go is g for a graph (G, 1). As an application of the tools developed 
in section 3 we give a combinatorial proof of Proposition 4.2 from 1 171 . which states that gmax < 5o smd if 
gmin = gmax = 5o then (G, R) has the Ricmann-Roch property (and in particular the associated directed 
graph has the Riemann-Roch property). The first half of this statement, in the language of chip- firing, 
says that if there are go chips present in an arithmetical graph then there exists a winning strategy thus 
generalizing the result of Baker and Norine for arithmetical graphs. The original proof of this result due to 
Lorenzini was algebro-geometric in nature, employing Riemann-Roch formula for curves. 

We conclude with a discussion of some examples of arithmetical graphs, which demonstrate that either, 
both, or neither of the two Riemann-Roch conditions may be satisfied for an arithmetical graph. 

1.1 Basic Notations and Definitions 

For any two vectors x,y £ M"+^, let x ■ y denote the inner product of x and y. For any x = {xo, ■ ■ ■ , Xn)'^ € 
define x+ = {x^,...,x+f G K"+^ and x' = (xq , . . . ,a;,7)^ e M"+^ to be the positive part and 
negative part of x where x = x'^ + x^ and xfx^ = 0, for all < i < n. Define deg^(a::) — R ■ D and call it 
the degree of x. We denote deg^(a;+) by deg^ {x) and we call it the degree plus of x. 

Assume and 1 are the vectors in R"+^ all of whose coordinates are or 1, respectively. For any x = 
{xq, . . . ,Xnf e M"+\ we say a; > (x > 6) if and only if for all < i < n, > (a;^ > 0). We define 
a partial order in R"+^ as follows: for any x,y E R"+^, we say x > y {x > y) li and only \i x — y > 
ix-y> 6). For any vector x S K"+\ define C+{x) = {y & M"+^ : y > x} and C-{x) = {y G ■■x>y}. 
We denote the standard basis for by {eo,...,e„}. Suppose that R € N"+^ is a vector, and define 

Hr = {x E R"+^ : R ■ X = 0}. Let A^ — Hr Z""*"^ be the integer lattice in the hyperplane Hr where 
R e N"+i. Let II • II denote the £^-noTm, i.e., ||a;|| = ^/x^, for all x G 

Let G be graph and let {vq, ■ ■ ■ , Vn} be an ordering of vertices of G. Let Div{G) be the free Abelian group 



4 



on the set of vertices of G. By analogy with the Riemann surface case as noted also in [2] , we refer to elements 
of Div{G) as divisors on G. In the case that the graph G is implied by context, we simply refer to elements 
of Div{G) as divisors. Because there is a fixed ordering on vertices of G, we think of an element a G Div{G), 
which is a formal integer linear combinations of vertices of G, as a vector D — {do, . . . , dn) G Z"+^ where di 
is the coefficient of Vi in a for all < i < n. We denote to the ith coordinate of D by D{vi), for all < i < n. 
We refer to both vectors in Z"+^ and elements of Div{G) as divisors. 

2 Riemann-Roch Theory for Sub-lattices of A^^ 
2.1 Preliminaries 

We remark that many of the proofs and statements presented in this section are similar to the ones which 
appeared in Amini and Manjunath [T] 's work. Essentially, what is being demonstrated is that if one replaces 
each statement about lattices orthogonal to the all one's vector with the same statement for lattices orthog- 
onal to some fixed positive vector, the proofs will go through without much extra effort. This in itself is not 
a very strong observation, but it is necessary for proving Theorem 12.261 and Theorem 12.321 which are used 
several times in the proceeding sections so, for the sake of completeness, we have decided to provide all of 
the necessary lemmas with proofs. 

Throughout this section, R will denote a vector in N"+^. 

Definition 2.1. Let A C A^j be a sub-lattice of rank n. Define 

E(A) = {D e Z"+i -.Dtp for all pe A}, 
Sr(A) = {x e M"+i -.x^p for allpe A}. 

Note that the set S(A) defined in Definition 12. II is the negative of the Sigma region set defined by Amini 
and Manjunath [I . We denote by Se(A) the topological closure of the set Sr in Let B{x, r) = {y £ 

jjji+i . ||y _ <^ j,| cj^gnote the ball of radius r with center at x. For any set S C R"+^, let int{S) denote 
the relative interior of S. 

Lemma 2.2. //AC Aj^ is a sub-lattice of rank n, then 

Sr(A) = {a; G R"+i ■.x:^p, for all p e A}. 

Proof. Suppose x G R"+^ such that x > p for some p E A. Thus there exists S > such that for all 
y G B{x,6), y > p. Thus x ^ Er(A). Now, suppose x ^ Er(A). Then there exists S > and p G A such that 
X ~ |l > p. Hence x > p, and this completes the proof of the lemma. □ 

Lemma 2.3. If D e Z"+i then D G i;(A) if and only if D + 1 e Er(A). 

Proof, li D ^ then there exists p G A such that D > p. Hence D + 1 > p and by Lemma 12.21 

+ 1 ^ Sr(A). If £) + 1 ^ Sr(A) then Lemma [221 implies that D + 1 > p for some p G A. Since 
D,pe Z"+\ it follows that D>p and this implies that D ^ S](A). □ 

Suppose R = (ro,...,r„) G M""^^ and x — (xo,...,x„) G M"+-^. Define \\x\\ji — J27=o'''i\-'^i\- ^^^^ 
to see that || • is a norm on M". For any two points x,y E W"-^^, wc define distfj{x,y) = ||a; — y\\R. 
One can consider || • as a weighted taxi-cab distance. For any set S C M"+i and p G R""*"^, we define 
distii{p, S) — iui{distji{p, x) : x £ S}. Observe that r{D) — —1 \i D \s not equivalent to any effective divisor 
and -1 < r{D) < dcgjf{D). 

Lemma 2.4. If D E Z"+-'^ is a divisor then 

(i) r{D) = -1 if and only if D E S(A). 
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(a) r{D) = distR[D, E(A)) - 1 = m\n{distR{D,p) : p £ E(A)} - 1. 
Proof. (i) For D e r{D) = -1 if and only if ioi all p e A, D - p ^ 6 if and only it D e E(A). 

(ii) Since E(A) is a closed set, inf {c?istfl;(iD,p) : p £ E(A)} = min{distji{D,p) : p e E(A)}. 



r{D) 



min{dcg(£;) ■.\D-E\ = 9,E>6}-1 
min{deg(£;) : r{D - E) = -1, E > 6} - 1 
min{deg(£;) : D - E e Y.{A),E > 0} - 1 
min{degfl(L' -p) : D-p>d,pe E(A)} - 1 
distR{D,T,{A)) ~ 1. 



Note that the last equality follows from the fact that if p G 5](A) and {D — p)i < for some Q < i < n 
then distii{D,p — Ci) < distii{D,p) and p — Ci & ^{A)- 



2.2 Extreme Points of S(A) and Em(A) 

Define H+ =^ {x E K"+i : x ■ R > Q}. For any vector p e H+, define Ab{p) = HrD C-{p) to be the 
n-dimensional simplex in the hyperplane Hj^. For the definitions of simplex and facet and their properties, 
we refer the reader to [20l[26]. For simplicity we denote Ai^(i?) by Aj^. 

It is easy to see that for any p € there exists a unique A > and p' e Hji such that p — p' + XR. 
Define the projection function tt : Hr as follows: for any p e H^^ define 7r(p) = p' . It is also easy 

to see that 7r(p) = p — XR where X = {p ■ We refer to Tr{p) the projection of the point p into 

the hyperplane Hn along the vector R. The following lemma is an immediate consequence of the above 
definition. 

Lemma 2.5. If p = {po, . . . ,pn) G and p = n{p) + XR, then 
(i) Ar{p) =tt{p) + XAr. 

(ii) Fi — Aii{p) n {x G M" : Xi — pi} for all < i < n, defines all the facets of the simplex Aii{p). 
It is easy to see that A^j is the simplex in Hjj with vertices 6°, . . . , 6" G Hr whose coordinates are: 



for all < j < n. 

Definition 2.6. For any two points p,q € Hr, define the Aji-distance function between p and q as follows: 



The Ajj-distance function defined above is a gauge function (which is often used in the study of convex 
bodies). For more on gauge functions and their properties, see [27]. 

For any point p & A define dA^ip, A) = min{A > : there exists g G A such that g G p + AA^;}. 

The following remark can be considered as a generalization of Lemma 4.7 in [1], and its proof easily 
follows from Definition 12.61 

Remark 2.7. Given any two vectors p,q £ Hr, 



□ 




if i = j 
otherwise 



dAniP^q) 



inf{A >0:q G p + AA^}. 



dAAp,q) 



max { 

0<j<n 



9i - 



Pi 



}• 
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Proof. By Definition 12. 6[ 

dAniP, q) ^ inf{A > : g e p + AAfl} = inf{A > : q G p + {\R)} 

= inf{A > : g <p + Ai?} = max{ ^'~^' }. 

0<i<ri 

□ 

Definition 2.8. Define 

Ext{T.{h)) = {vc Y.{K) : deg^iv) > degfl,(p), for all p G N{iy) n S(A)}, 
Ext{T,R{A)) = {ly e Sr(A) : 3 5 > 0, such that deg^iiy) > deg^(p), for all p G 5) n Sr(A)}, 
Crit{K) = {v e Hji : 3(5 > smc/i </ia< d^jj {v,A) > d^aip, A), /or all p G B{v,5) n i?/?}. 

where N(v) consists of all points D G 2"+"'^ such that \\D — j < 1. We call Ext{'E{A)), Ext{T,-jsi{A)) and 
Crit{A), the set of extreme points or extreme divisors of'E{A), Er(A) and the set of critical points of A, 
respectively. 

Lemma 2.9. If p,q G H'j^ , then p < q if and only if A]i{p) C Aii{q). In particular, p < q if and only if 
ARip)Cint{AR{q)). 

Proof. It is easy to see that p < q ii and only if C^{p) C C^{q). Now tlie second part of Lemma [^751 implies 
that C-[p) C C-{q) if and only if {C-{p) n Hb) C {C- {q) Ci Hr). □ 

An easy application of Lemma 12.21 is that if p G Ext{'E-R{A)), then p ^ A. The following theorem 
characterizes the set of extreme points of Sr(A). 

Theorem 2.10. If p € Sr(A) \ A then p G i?xt(SR(A)) if and only if each facet of the simplex Afl(p) 
contains a point of A in its interior. 

Proof. Assume that p — {po, ■ ■ ■ ,Pn) & Sr(A)\ A. Let Fi, < i < n be the facets of Aij(p). Let < i < nhe 
such that int{Fi) contains no point of A. By Lemma [231 (ii). there exists an e > such that AR{p + eei) does 
not contain any points of A in its interior. Hence Lemma 12.91 and Lemma 12.21 imply that p + eci G Sr(A). 
Since deg^(p) < deg^(p + ee^), the point p is not an extreme point. 

Conversely, assume that p G Sr(A) \ A is such that the interior of each facet F of Aji{p) contains 
a point of A. We claim that for any v = (wq,. G R"+^, either deg^lp + ev) < deg^(p) for all 
e > 0, or there exists A > such that for all < e < A, p + eu ^ S]r(A). If t; < 0, then for all e > 0, 
deg^(p + eu) < degfl(p). Now, without loss of generality assume that vq > and vi < 0. Suppose x G int{F) 
where F = Ar{D) H {y G M" : {y — D) ■ cq = 0}. Since x G int{F), we can pick A > small enough such 
that for all < e < A, a: G int{A}i{p + ev)). Thus Lemma [2.91 and Lemma [2.21 imply that x ^ Sr(A) for all 
< e < A. This completes the proof of the claim. It is easy to see that the proof of the theorem follows 
from the claim. □ 

Corollary 2.11. Ext(SR{A)) C Z"+i. 

Proof. Let p G Ext{'S-R{A)). Theorem 12 . 101 shows that the interior of every facet F of Aji{p) contains a point 
of A. Since A C Z"+^, the second part of Lemma [2.51 implies that p G Z"+-'^. □ 

Theorem 2.12. A divisor v G Ext{'T.{A)) if and only if v + 1 <^ £'a;t(ER(A)). 

Proof. Corollary 12.111 implies that Ext{Y^^{A)) C Z"+^. The theorem immediately follows from Lemma [2?3l 

□ 

The set of critical points of A {Crit{A) in Definition 12. 8p is the set of local maxima of the function 
f^Aij(', A). The following theorem characterizes critical points of A in terms of extreme points of I]r(A). 
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Theorem 2.13. For p E Hr, let X = dAa(p,A) and p' = p + XR. Then p' € i?.Tt(ER(A)) if and only if 
p e Crit{K). 

Proof. If p' E Ext{T^]Si{A)) then by Theorem 12 . 101 each facet of the simplex Ai^ (p + XR) = p + XAr contams 
a point of A in its interior. This shows that p S Crit{A). 

Conversely, assume that p S Crit{L)and p' ^ i?xt(SR(A)). As the proof of Theorem 12.101 shows . there 
exist < i < n and 5 > such that for all < e < (5, = p' + ee^ G Sr(A). For each < e < (5, let 



— to be the projection of p'^ along R into Hji. Lemma [2.151 implies that (Pej A) = \'r\'^ j ■ ^i'^'^® 

p'^ - R> p' ■ R, we conclude that dAniPc-A) > (iAn(p, A), a contradiction. □ 

Corollary 2.14. Let ip : Ext{Y^{A)) -> Crit{A) be as follows: For any v e Ext{Yi{A)), ip{v) = ^{v + 1). 
Then Lp is a bijection. 

Proof This follows from Theorems and □ 



Lemma 2.15. Let p e Hji, X = (iA„(p, A) and X' = max{i > : p + tR E Er(A)}. Then X = A'. 

Proof. First note that since p E Sr(A) and Sr(A) is a closed set, max{i > : p + tR E I]r(A)} is well- 
defined. The first part of Lemma [2.51 implies that p + tAu = Aii{p + tR). Now, for all < < < A, by 
applying Lemma [2.21 and Lemma [2.91 we conclude that p + tR E Sr(A). So A' > A. Conversely, suppose 
f > is such that A n (p + tAji) ^ 0. Lemma [2.21 and Lemma [53] imply that p + tR E Sr(A) if and only if 
A n int{p + tAfi) = 0. This shows that A' < A, completing the proof of the lemma. □ 

Lemma 2.16. There exists a constant C depending only on the lattice A and the vector R such that for any 
point p E S(A), we have: 

(i) deg^(p) < C, 

(a) there exists some v E Ext(A) such that p < v. 

Proof, (i): First, we claim that there exists c such that for all p E Hn, d^aip, A) < c. We start by noting that 
there exists a constant K depending only on R such that dAf,{p,q) < K ■ \\p— q\\. This follows immediately 
by letting the constant K be the largest radius of a sphere in LIji with center at the origin contained in An. 

Let {Iq, ...,ln-i} be a set of generators of A, and let P be the parallelotope generated by Zo,---^n-i- 
Because the A^j-distance function is invariant under translation by lattice points, it is sufficient to prove the 
claim for all p E P. By letting che K times the maximum £^-distance from a point in P to the vertices of 
P (diameter of P by £^-norm), the claim is proved. 

To prove the first part, it is enough to show that for allp E i?^nE(A), degfl(p) < C. Let p' = n{p), A > 
be such that p = p' + XR. Lemma [2.91 implies that p E S(A) if and only if Aii{p) contains no points of A. 
Lemma [2T5l and Theorem [2T2l imply that A < distA^ip, A), so A < c. Therefore, deg^(p) = A||i?p < c||i?,|p. 
This shows that C < c|ji?|p, which completes the proof of the first part. 

(m): Let p E S(A). The first part shows that the degrees of points in Ext{A) are bounded above by 
C. Therefore C'^{p) n S(A) is a finite set. This immediately shows that there exists E Ext{A) such that 
p < v. To be more precise, one can find an extreme point ly E Ext(A) greedily by starting at point p and 
walking in positive directions as much as possible. □ 

Lemma 2.17. For any divisor D E r{D) = min{degjj(L) - i^) : E Ext{A)} - 1. 

Proof First we show that min{degJ(L' -ly) -.i^ E Ext{A)} < r{D) + 1. Let > with deg^(£:) = r{D) + 1 
be such that D — E E S(A), where the existence of E guaranteed by Lemma [2.41 By Lemma [2.16[ there 
exists v E S{A) such that v > D — E. Let E' = v — [D — E). We claim that E' ■ E = 0. Suppose not and 
assume there exists < i < n such that Ei,E[ > 1. Note that D — {E — a) E 5](A) as v > D — {E — Ci), 
but deg^(i? — Ci) < degfl(i?) — r{D) + 1, a contradiction. This gives that degj(l? — v) = dcg\{E - E') = 
deg{E) = r{D) + 1. 

For proving the reverse inequality, let v E Ext{A) be such that deg^(Z? — v) is minimum. Because 
V >v +{D - v)- = D - {D -v)+,it follows that D - {D - v)+ E T.{A) . Hence Lemma WM implies that 
r{D) < min{degj^(Z3 — i^) : v E Ext{A)} — 1, which completes the proof. □ 
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2.3 Riemann-Roch Theorem for Uniform and Reflection Invariant Sub-lattices 

of Ar 

Definition 2.18. Let A be a sub-lattice of of rank n, and Ext{T,(A)) be the set of extreme points of 
S(A). Define 

gmin = niin{deg^(i') : i' e Ext{Y.{A))} + 1, 
ffmax = niax{deg^(i') : € Ext{T,{A))} + 1. 

We say the lattice A is uniform if 

Definition 2.19. Let A be a sub-lattice of An of rank n. We say A is reflection invariant if —Crit{A) is a 
translate of Crit{A) , i.e., if there exists v e R"+^ such that —Crit{A) = Crit{A) + v. 

Definition 2.20. Let A be a sub-lattice of dimension n of An. We say a divisor K G Z"+^ is a canonical 
divisor of A, or equivalently A has a canonical divisor K, if for all divisors D G "Z"^^ , 

degfl(L») - 3g,„ax + 25„ii„ + 1 < r{D) - r{K - D) < dcg^iD) - g„,in + 1. 

Lemma 2.21. Suppose (/) : A ^ A' is a bijection between sets, and f : A ^ Z and f'.A'^Z, are functions 
whose values are bounded from below. If there exist constants Ci, C2 G Z such that for all a Cz A, 

ci < f{a) - /'(0(a)) < C2, 

then 

ci < niin/(a) — min f'{a') < C2. 

aeA a'eA' 

Proof. Since / and /' are integer valued functions whose values are bounded from below, there exists x G A 
and y (z A' such that f{x) = minag^/(a) and f'iy) = niinQ'g,^' /'(a'). The choice of x and y implies that 
f{^)-f'iy) < f{rHy))-f'{y) < C2, and f{x)-f'{y) > f{x)~f'i<t>{x)) > ci. Hence ci < f{x)~f'[y) < C2, 
as desired. □ 

Theorem 2.22. Let A be a reflection invariant sub-lattice of A^ of rank n. Then A has a canonical divisor, 
i.e. there exists a divisor K such that for all D G Z"^^, 

deg^(i:») - Sc/max + 25„ii„ + 1 < r{D) - r{K - D) < dcgj^{D) - g„,in + 1- 

Proof. First we construct the canonical divisor K and then we show it has the desired property. Since A 
is reflection invariant, there exists a vector v G R""*"^ such that —Crit{A) = Crit{A) + v. Therefore there 
exists a bijection function rj from Crit{A) to itself such that 77(c) + c = v. Let (p : Ext{'S{A)) — > Crit{A) 
be the bijection described in Corollarv 12.141 Define the bijection from Ext{l^{A)) to itself so that for 
all ly G Ext{T,{A)), 0(i/) = ip~^r](p{iy). Since for aU v G ^^^^(^(A)), deg^(i/ + 0(i^)) < 2(7inax, there exists 
G Ext{J^{A)) such that deg^(i^o + ^(^^0)) is as large as possible. Let the canonical divisor K be + 0(i^o)- 
For any G Ext{J^{A)), let c = (p{i'); then we have: 

0(iy) + u = (f>{^-\c)) + ip-^{c) = ip-^r]{c) + v?-i(c) ^ XR + V-2X1, 

where A G M is a constant depends on v (or equivalently c). Hence, the choice of K implies that for any 
1/ G Ext(T,{A)), there exists E^ G such that + v + E^ = K. Therefore, for all divisor D G Z"+i 

and V G ^^^^(^(A)) we have: 

degliD - v) ~ degliK - D - c^{v)) = degl{D - u) - degl(cp{v) + y + E, - D - c^[v)) 

= deg+(D~v)-deg+{v + E,-D) 

< deg+{D -v)- dcgliv - D) 
= deg^^XD) - degpiiv) 

< degn {D) - g„,in + 1. 
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Note that for all v e Ext{T.{A)), Ey = K - {v + (f){v)) < 2.gmax - 2gniin- Hence, 

deg+iD^iy)~deg+{K-D-cf^iu)) = deg+(i? - i.) - deg+(0H + + i?, - - 0^) 

= deg+iD-iy)-deg+i,^ + E,-D) 

> deg'^iD - I') - dcgj(j/ - £)) - 2(5„iax - gmm) 

= degii{D) - degji{iy) - 2gmax + 2gnun 

> deg^{D) - 35max + 2gmin + 1. 

Therefore for aU D e Z"+i and all ly £ Ext{j:{A)), 

degji{D) - Sffmax + 2gmin + 1 < deg^XL* - J/) - deg^(if - D- ip{v)) < deg^(D) - .g,nin + 1- 

For a fixed D e Z"+^, dcg^(I?) — Sgmax + Sgmin + l and deg^(£)) — ,g„iiji + l are constant integers, degj^(Z3 — i^) 
and deg^(iir — D — fii')) are integer value functions bounded from below by zero, and is a bijection from 
Ext{'S{A)) to itself, hence Lemma [2.211 implies that 

deg^(i:))-3.g,nax + 2gmin + l < miu deg^{D-iy)- min deg^(X - D - i^) < deg^(L») -5mi„ + 1. 

i/eSa;t(E(A)) i/eS2;t(E(A)) 

The assertion of the theorem now follows from Lemma [2. 171 □ 

Definition 2.23. Let A be a uniform sub-lattice of dimension n of Aj^. We say A has the Riemann-Roch 
property if there exists a divisor K with degree 2g — 2, where g = g-min = 5max; such that for all divisor 
D € Z"+i; 

r{D) - r{K - D) ^ dcg{D) -g + l. 

Theorem 2.24. Let A be a uniform sub-lattice of dimension n of An. Then A is reflection invariant if and 
only if A has the Riemann-Roch property. 

Proof. Assume A is reflection invariant and let K be the canonical divisor obtained in the proof of Theo- 
rem By applying Theorem 12.221 its enough to show that deg(i4r) — 2g — 2. The construction of K 
shows that K = v -\- 4>{v), where is the bijection obtained in proof of Theorem 12.221 Since A is uniform, 
gmin = Smax = 9- Hcnce deg^iy) = deg^((/)(:/)) = g - 1 and this implies that degi^(K) = 2g-2. 

Now, assume that A has the Riemann property. Assume v is an extreme divisor of S(A), so the first 
part of Lemma 12.41 implies that r{v) — —1. Since A is uniform degn{v) = g — 1 and this shows that 
r{K — v) = r{v) = —1. By Lemma ^TM AT — j/ e S(A), and is hence an extreme divisor of S(A). Hence the 
function ip defined as 'ip{—v) = K — ly, for all u G Ext{A) is a bijection from Ext{A) to itself. If tp is the 
function defined in Corollary 12. 141 the function (po4>o(p~^ is a bijection from Crit{A) to itself. It is easy to 
see that for any p e Crit{A), ip{^{Lp^^ (p))) — p + n{K) + 27r(l), and by picking v = —^{K) — 2tt{1), we 
have -Crit{A) = Crit{A) + w. □ 

Definition 2.25. We say a sub-lattice A o/Aj^ has the Riemann-Roch formula if there exists a an integer 
m G Z and a divisor K of degree 2m — 2 such that for all D £ Z""*"^ ; 

r{D) - r{K - D) = degj^iD) ~m + l. 

Tiieorem 2.26. Let A be a sub-lattice of dimension n of Ar. Then A has a Riemann-Roch formula if and 
only if A is uniform and reflection invariant, in particular A has the Riemann-Roch property. 



Proof. If A is uniform and refiection invariant, then Theorem l2 . 241 implies that A has Riemann-Roch property 
and therefore A has the Riemann-Roch formula with m = (?max- 

max • 



For proving the other direction it is enough by Theorem 12.241 to show that A is uniform and m — g, 
First, we show that m = ^max- Let Z? be a divisor with deg^(I?) > m. The Riemann-Roch formula implies 
that r{D) — r{K — D) > 1 and since r{K — D) > —1, we have r{D) > 0. It follows that ^max < 'm- 
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We know that for any divisor D E Z"+^, if the degree of D is more that gmax — 1 then the divisor is 
effective, so deg^(-D) — r{D) < ^max- On the other hand, if deg^(D) > 2m — 2, then deg^(i<r — D) < 0, 
therefore r{K — D) — —1. The Riemann-Roch formula imphes that deg(D) — r{D) = m. Therefore, 

™ < 5max- This shows that m = gmax- 

To prove uniformity, let u G Ext{T,{h)) and Aegp,[v) < gmax— 1- Since deg^(iC) = 2(;„iax— 2, deg^(_fi' — 
i^) ^ 5max, so K — v ^ 5](A), and by Lemma 12.41 is equivalent to an effective divisor. The Riemann- 
Roch formula implies that r{K — ly) ^ ,9max — deg(i^) — 2, so there exists an effective divisor E of degree 
5max — deg(:/) — 1 > such that \K — i' — E\ = (d. We claim that ly + E is not equivalent to an effective 
divisor. The Riemann-Roch formula implies that r{i' + E) — r{K — v — E) = deg^(^ -\- E) — (?niax + 1 = 
and therefore r{v + E) = -1. By Lemma \TM v + E e S(A), contradicting the fact that v £ Ext{'S{Aj}. □ 

2.4 Riemann-Roch Theorem for sub-lattice of Aji and Aj 

Let R — (ro, . . . , r„) G N"^^ and TZ ~ diag{rQ, . . . , r„) be a matrix mapping A^j to Aj. To be more precise, 
for any p £ Kr the image of p is TZp. For any set S C let TZS denote the set {TZp : p <E S}. It is easy 

to see that if A C Aji is a sub-lattice of dimension n then TZK is a sub-lattice of Aj of dimension n. 

Lemma 2.27. Let K be a sub-lattice of dimension n of Aj^. Then TZ'E{A) ~ Y.{TZA). 

The proof of above lemma follows easily from Definition 12.11 and the fact that TZ is an invertible matrix 
with positive diagonal entries. 

Lemma 2.28. Let A be a sub-lattice of dimension n of A^. Then TZExt{Yi^XA)) = Ext{Y,^{TZA)) . 

Proof. Let v £ £'a;t(SR(A)) so that there exists some S > such that for all p £ B{y, 5) n Sr(A), deg^(i^) > 
deg^(p). Let 5' — 5. It is easy to see that if q e B{JZv,5'), we have 'lZ~^q £ B{v,6). Hence degfl(72.~^q) < 
degfi{i') and therefore degj-(q) < degf{TZiy). Here we have used the fact that for any D £ Z"+^, degfj{D) — 
degJ(7^^)) and Lemma [^TTfl This proves that 7^£'x^(SR(A)) C Ext(SK{nA)). The other direction is proved 
similarly. □ 

The following corollary immediately follows from Lemma 12.281 and Theorem 12.121 

Corollary 2.29. Let A be a sub-lattice of dimension n of A^. Then A is uniform if and only if TZA C Aj 
is uniform. 

Lemma 2.30. Let A be a uniform sub-lattice of dimension n of Ar. Then A is reflection invariant if and 
only if TZA C A j is reflection invariant. 

Proof. First suppose A is reflection invariant. Then there exists a vector v £ M""*"^ such that —Crit{A) = 
Crit{A) -\- V. By applying Lemma [2. 281 and Theorem l2.13[ let TZv — 1 — degj(i?i^ — 1)1 be an arbitrary point 
of Crit{TZA) where v is an arbitrary point of Ext{T^^{A)). Now, by applying Theorem 12. 13[ 

ly-i- deg^(i^ - 1)R £ Crit{A). 

Since A is reflection invariant, there exists v' £ Ext{Y,^{A)) such that 

+ i + degji{v - i)R = v' -i- degjf{v' - l)i? + v, 

therefore 

-TZu + TZi + degj^{iy - ^)7^i^ = TZv -TZl- degj^ii^' - VjTZR + TZv. 

Since A is uniform degf;{iy — 1) is a constant independent from the choice oi ly £ Ext{T,T!i{A)). Hence, 
TZiy — TZv' = u where u is constant vector in R"+^ which does not depend on i/ or ly' . Since TZA is uniform, 
deg^{TZiy — 1) is a constant independent from the choice oi ly £ Ext{'S^{A)). This shows that 

TZjy - TZv' = u + 2degJ(7^^/ - 1) + 2 x 1. 
Hence TZA is reflection invariant. The other direction is proved similarly. □ 
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Recall the definition of the canonical vector (Definition [5201) and the argument in the proof of Lemnia r2.22l 
in constructing a canonical vector for a reflection invariant sublattice of A^^. So we can consider the following 
corollary as a consequence of Theorem I2.12[ Lemma I2.28[ and Lemma 12.301 

Corollary 2.31. Let A be a reflection invariant sub-lattice of dimension n of Ar. If K is a canonical vector 
ofTZA then TZ^^{K + 2x1) — 2x1 is a canonical vector of A. 

The following theorem immediately follows from Theorem 12. 26[ Corollary 12. 291 and Lemma [2.301 

Theorem 2.32. Let A be a uniform sub-lattice of dimension n of A^. Then A has the Riemann-Roch 
property if and only if TZA C A j has the Riemann-Roch property. 

3 Chip-Firing Game on Directed Graphs 

3.1 Row Chip-Firing Game, The Sandpile Model and Riemann-Roch Theory 

Let G be a directed graph with vertex set {vq, v„} and adjacency matrix A whose entry Aij for < i, j < n 
is the number of edges directed from Vi to vj. Let V = diag {deg^ (vq), ■ ■ ■ , deg^(t;„)) where deg^(u) denotes 
the number edges leaving vertex v G V{G). We call the matrix Q — V — A the Laplacian matrix of the 
directed graph G. We define Ag to be the lattice spanned by the rows of Q. 

In this section we study the following row chip-firing game on vertices of G. Begin with D G Z"+^, which 
we call a configuration or a divisor, whose ith entry D(vi) is the number of chips at vertex Vi. In each move 
of the game either a vertex borrows or fires. We say a vertex fires if it sends a chip along each of its outgoing 
edges to its neighbors and borrows if it receives a chip along each of its incoming edges from its neighbors. 
We say that a vertex is in debt if the number of chips at that vertex is negative. The objective of the game 
is to bring every vertex out of debt by some sequence of moves. Note that the game is "commutative" in 
the sense that the order of firings and borrowings does not effect the final configuration. For / e Z"+^, we 
may interpret the divisor D' ~ D — f as the divisor obtained from D by a sequence of moves in which 
the vertex Vi fires f{vi) times if f{vi) > and it borrows f{vi) times if f{vi) < 0. We refer to / as a 
firing strategy. Note that both firing strategies and divisors are vectors in Z"+^. We say a configuration is 
a winning configuration if all of the vertices are out of debt. We call a sequence of moves which achieves a 
winning configuration a winning strategy. The question of whether a winning strategy exists is equivalent 
to the question of whether there exists a firing strategy / G Z"+^ and an effective divisor E e such 

that E = D + f, i.e., D — E E A^, \D\ ^ or r{D) > 0. In what follows we will restrict our attention 
to strongly connected directed graphs. The main motivation for this consideration is given in the following 
lemma which, interperetted combinatorially, characterizes strongly connected digraphs in terms of which 
firings leave a divisor unaffected. 

Lemma 3.1. A directed graph G is strongly connected if and only if there exists a vector R G N"+^, unique 
up to multiplication by a real constant, such that R ~ 0. 

Proof. Suppose G is strongly connected. For the sake of contradiction suppose there exists i? ^ such that 
Q^R = 0. Let 1/+ be the set of vertices of G such that R{v) > for all v £V+. Let D ^ R. Since the net 
amount of chips leaving is positive, there must exist some v G 1/+ such that D{v) < 0, a contradiction. 
Now assume there exist two linearly independent firing strategies Ri and R2 then it is easy to see that there 
exists a linear combination of Ri and i?2, say i?, such that R ^ 0. This proves the uniqueness. Note that 
we can take R to be an integral vector. 

Conversely, suppose G is not strongly connected. Let Vi, . . . ,Vt be the decomposition of vertices of G 
into maximal strongly connected components. Without loss of generality, let Vi be a set of vertices such 
that there exists no edges from u to w where uEVi,2<i<t and v £ Vi. As above there exists v G Vi such 
that Q^R{v) < 0, a contradiction. □ 
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3.1.1 Reduced Divisors 

Let /, /' e be firing strategies. We define an equivalence relation « on Z"+^ by declaring / « /' 

if Q^if — /') = 0. For any set S C V{G), the characteristic vector of S, denoted by xSj is the vector 
J2v £S^i- say a vector / S Z^^^ is a natural firing strategy if / < i?, and / ^ 0. We say a nonzero 
vector / G Z"+^ is a iiaZid firing strategy with respect to t^o if f{vo) — 0, and < f < R- The following 
lemma is an immediate consequence of Lemma 13.11 

Lemma 3.2. Let f e Z"^"^ be a nonzero firing strategy then there exists a unique f G Z""'""'^ such that f ~ f 
and f is a natural firing strategy. 

Definition 3.3. Let G be a directed graph. We call a divisor D VQ-reduced if the following two conditions 
hold: 

(i) for all V G V{G) \ {vq}, D{v) > 0, 

(a) for every valid firing f with respect to Vq, there exists a vertex v G V {G)\{vo} such that [D — Q^f)[v) < 
0. 

The following remark immediately follows from Definition 13.31 

Remark 3.4. If D' ^ 13 is a WQ-reduced divisor then for all fc G Z, £)' + kx{vo} is a wo-reduced divisor and 
D' + kx{v„} ^ D + kx{yo}. 

Lemma 3.5. Let D be a v^-reduced divisor and let f be a firing strategy such that f(vo) < and f{v) > 
for some vertex v G V{G) \ {vq}. Then there exists v G V{G) \ {vq} such that {D — Q'^ f){v) < 0. 

Proof. Lemma implies that there exists a natural firing strategy f ~ f with /'(wq) < fi^o) = 0- Suppose 
and /~ are the positive and negative part of /'. It is easy to see that /+ is a valid firing strategy with 
respect to vq. Hence there exists a vertex v G V{G) \ {vq} such that {D — f^){v) < 0. Therefore, 

{D - Q^fKv) = {D^ Q^f'){v) ^{D- Q^f+ - Q^f-){v) < {D ~ Q^f+){v) < 0. 

□ 

Lemma 3.6. Let G be a directed graph and let D be a divisor. Then there exists a divisor D' ^ D such that 
D' is VQ-reduced. 

Proof. The proof that we present here is similar to the proof presented by Baker and Norine [5] (§3.1). The 
process of obtaining a z;o-reduced divisor D' ^ D has two steps: first we bring every v G V{G) \ {vq} 
out of debt, so that it satisfies the first condition of Definition 13. 3[ and then we "reduce" the divisor with 
respect to Wq, in order to satisfy the second condition of Definition 13.31 For performing the first step, 
define d{v), for all v G V{G) \ {vq}, to be the length of the shortest directed path from vq to v. Let 
d — max^g^^g^^i^^j d{v). For all 1 < i < d, define Ai — {v £ V{G) : d{v) — i}. Now we bring the Ai's 
out of debt consecutively, starting at Ad. We recursively define sequences of integers bi and divisors Di 
as follows. Let bd = max ({-£»(?;) : v G Ad,D{v) < 0}U {0}). Define Dd = D ~ Q'^ fd where fd is the all 
zero vector except fd{vj) — bd if Vj ^ Ad. It is easy to see that Dd{vj) > for all vj G Ad. Now suppose 
1 < i < d - 1, and define bi = max i{-D{v) : v G A;, < 0} U {0}). Define A = A+i - Q^/* where 

fi is the all zero vector except fi{vj) = bi if Vj ^ Ufc=i ^fc- If is easy to see that Di{vj) > for all Vj G Ai 
and Di{vj) = Di+i{vj) for all Vj G Ufc=i+i^fc- Since is a finite number and the biS are bounded, the 
above procedure terminates. It is easy to verify that Di ^ Z? is a divisor such that no vertex other than vq 
is in debt. This completes the description of the first step. 

Now we are going to explain the second step. Let D' = Di be the divisor obtained from the first 
step. While there exists a valid firing strategy / with respect to vq such that {D' — Q"^ f)[v) > for all 
V G V{G) \ {vq}, replace D' by D' — f. If we show that the procedure terminates, it is obvious that D' 
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is a WQ-reduced divisor. Since /(wq) = for any valid firing strategy with respect to uo, the vertex vq must 
stop receiving money at some point. At this point none of its neighbors fires, so they must eventually stop 
receiving money. By iterating this argument we see that, since vq is reachable from every vertex, each vertex 
must stop receiving money at some point. Hence, the above procedure terminates at a uo-reduced divisor. 
□ 

Corollary 3.7. Let D be a divisor satisfying the property (i) in Definition \3.3\ Then there exists a sequence 
of valid firings /i, . . . , /fc with respect to Vq such that D' — D — Q^(X]i=i fi) VQ-reduced. 

Lemma 3.8. For any divisor D, there exist exactly tq distinct VQ-reduced divisors equivalent to D. 

Proof. First, we show that there exist at most tq distinct reduced divisors equivalent to D. Suppose not, so 
by the pigeonhole principle, there exist two distinct reduced divisors, D' — D — Q'^ f and D" — D — f" 
with /'(i-o) = /"(uo) (mod) ro. Pick fc e Z so that (/' - /" - kR){vo) and let f* ^ f - f" - kR. 
By our assumption D' ^ D" and so {f — /") ^ 0. Hence by Lemma [3. 11 either /* or — /* satisfies the 
assumptions of Lemma [3.51 Without loss of generality, suppose /* satisfies the assumption of Lemma [3.51 
But D' = D" — Q'^ f* is a uo-reduced divisor, contradicting Definition 13. 3r i). 

Now, we show that there exist at least tq distinct reduced divisors equivalent to D. Lemma 13.61 implies 
that there exists at least one fQ-reduced divisor equivalent to D, so if tq = 1 we are done. Therefore for 
the rest of the proof we will assume that tq > 1. Take a uo-reduced divisor D' ^ D and observe that 
D" = D' — Q'^{x{vo}) satisfies the condition (i) of Definition 13.31 Hence Corollarv 13.71 implies that D" 
can be reduced without firing vq to achieve a new reduced divisor from D' . We can acquire tq wo-reduced 
divisors equivalent to D by repeated application of this method. We claim that all of the wo-reduced divisors 
obtained are distinct. Suppose there exist < i < j < ro and firing strategies /' and /" such that f'{vo) = h 
f"{vo) = j, and D* ^ D' - f = D' - Q'^ f" is vo-reduced. This implies that - /') = 6 but 

< (/" — f'){vQ) < ro, contradicting the statement of Lemma IXTl □ 

Corollary 3.9. Let G be a directed graph and let D be a divisor. There exist vo vo-reduced divisors Di = 
D — fi where fi{vo) — i for all < i < ro — 1 . 

Lemma 3.10. Let G be a directed graph and let D be a divisor. Then 

(i) D is equivalent to an effective divisor if and only if there exists a vo-reduced divisor D' ^ D such that 
D' is effective; 

(ii) Suppose D is not equivalent to an effective divisor. Then D is an extreme divisor if and only if for 
any v G V{G), there exists a v-reduced divisor D' ^ D such that D'{v) = —1. 

Proof, (i): One direction is obvious. So assume D is equivalent to an effective divisor, call it D". If D" 
is iiQ-reduced then we are done. Otherwise, Corollarv 13.71 implies that there exists a valid firing strategy / 
with respect to vo such that D" — f is wg-reduced. Since D" is effective and / is valid with respect to vo, 
D" - Q^f is effective. 

(m): First assume that D is an extreme divisor. The assertion of part (i) implies that for all v e V(D), 
if £)' ^ £) is a w-reduced divisor, D'{v) < —1. Suppose there exists v e V{G) such that for all w-reduced 
divisor D' ^ D we have that D'{v) < —1. Then by Remark 1 3. 41 for all w-reduced divisors D' ^ D, D' + x{v} 
is not effective and it is w-reduced. So by part (i), D + X{v} is not effective, a contradiction. 

For proving the other direction, it is enough to show that for all v e V{G), D + X{v} is equivalent to an 
effective divisor. So let w be a vertex and let D' ^ D he the u-reduced divisor such that D'{v) = —1. Then 
D' + X{v} is effective and so _D + X{v} is also. □ 
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3.1.2 Dhar's Algorithm 

Dhar iW\ , while studying the sand pile model, found a simple algorithm for checking whether a given divisor 
in an undirected graph G is WQ-reduced or not. We discuss the directed sandpile model in the next section. 
Here we generalize his algorithm so that it applies to an arbitrary directed graph G. The authors found this 
generalization independently from Speer |24| . 

The input of the algorithm is a divisor D satisfying the condition (i) of Definition 13.31 The output of the 
algorithm is a finite sequence fi of firing strategies which is decreasing with respect to the < relation. The 
description of the algorithm is as follows. 

We construct a sequence of firing strategies fi's recursively. Set /o — R. For < > 0, if there exists some 
V eV{G)\ {vo} such that 

iD-Q'^ft){v)<~l, (2) 

pick one such vertex v and set ft+i = ft — X{v}- If for all v e V{G) \ {vq}, [D — Q'^ ft)[v) > and ft{vo) > 0, 
set ft+i = ft — X{vo}- Otherwise the algorithm terminates and the output of the algorithm is the decreasing 
sequence of fiS. 

We call the above algorithm the generalized Dhar's Algorithm. 

Theorem 3.11. Let D be a divisor satisfying condition (i) in Definition \3.3[ Then 

(i) the divisor D is VQ-reduced if and only if the generalized Dhar's Algorithm terminates at /j.^ = 0. 

(ii) if D is a VQ-reduced divisor then for each Q<t<l-R— 1 such that ft+i — ft — X{vo}r D — Q^/t is a 
VQ-reduced divisor. 

Proof, (i): Clearly if D is reduced then the algorithm terminates at /j^ = 0. 

So assume that the algorithm terminates on the divisor D. Take a valid firing / with respect to vq 
and pick t as large as possible such that ft > f. The choice of t implies that ft+i ~ ft — X{v} for some 
vertex v G V{G) \ {vq} since /(uq) — 0. Therefore ft = f + f where /' > and f'{v) = 0. Hence 
{D - Q'^f){v) = {D- Q'^ft - Q'^f'){v) <{D- Q'^ft){v) < so the divisor D satisfies the second condition 
of Definition 13.31 Hence D is tiQ-reduced. 

{a): For the sake of contradiction, let t be such that ft+i — ft — X{vo} ^^^d D — ft is not a WQ-reduced 
divisor. There exists a valid firing strategy / with respect to wo such that {{D — Q'^ ft) — Q'^ f ){v) > 
for all V e V{G) \ {vq}. Let f — ft + f, then we have two cases. Assume there exists Vi e V{G) \ {vq} 
such that f'{vi) > ri then /" = /' — i? is a firing strategy which satisfies the conditions of Lemma 13.51 
contradicting the fact that for all v G V{G) \ {vq}, {D — f'){v) > 0. Therefore, we can choose s as large 
as possible such that fs > /'. The choice of s implies that there exists v £ V{G) such that fs{v) = f'{v) and 
fs+i ^ fs- X{v}- liv = vo, since t > s, fs+i > ft but fs+i{vo) < ft, a contradiction. Hence v G V{G) \ {vq} 
and {D - Q'^ fs)(v) < 0. But {D - Q'^ f'){v) < {D - Q'^ fs)(v) < and this contradicts the choice of / and 
ft- □ 

We conclude this section with the following definition which will appear in each of the subsequent sections. 

Definition 3.12. Let G be a directed graph with the Riemann-Roch property. Then G has the natural 
Riemann-Roch property if its canonical divisor K has ith entry deg^{vi) — 2 for < i < ii. 

3.1.3 The Sandpile Model 

The sandpile model for a directed graph is a constrained version of the "row" chip-firing game. We define 
a divisor D to be a VQ-sandpile configuration if D satisfies the condition (i) from Definition 13.31 The vertex 
Vq does not participate in this game and a vertex v G V{G) \ {vq} may only fire if it has at least as many 
chips as its out-degree (so that v does not go in debt), and it never borrows. Morevover, we say that 
two configurations are the same if they agree at all vertices other than vq. This model has been studied 
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in [HI [ini [21] • The goal of this section is show a connection between the sandpile model and the Riemann- 
Roch property for the row chip-firing game on a strongly connected directed graph. To do this we will first 
show a connection between this model and wo-reduced divisors. We begin with some necessary definitions. 

We now restrict our attention to the sandpile model. We call a wo-sandpile configuration VQ-stable if no 
vertex v G V{G) \ {vq} can fire. We note that while some authors require vq to be a global sink (in order 
to guarantee that a divisor will eventually stabilize), we simply insist that vq never fires. We say that a 
iiQ-sandpile configuration D' stabilizes to D, a uo-stable configuration, if D is uo-sandpile achievable from 
D' . To see that any WQ-sandpile configuration will eventually stabilize to a wo-stable configuration, one may 
follow an argument similar to the one from Lcmma l3.6l We note that, as the language suggests, D is unique, 
i.e., stabilization is independent of the choice of firings, and a simple proof by induction on k, the length of 
the sequence of firings, gives this fact. A wg-stable configuration D is said to be vo-reachable from another 
WQ-sandpile configuration D' if there exists an effective divisor E such that D' + E stabilizes to D. A tiQ-stable 
configuration is VQ-recurrent if it is WQ-reachable from any other wg-sandpile configuration. 

Lemma 3.13. A divisor D is VQ-recurrent if and only if there exists a divisor D' such that D'{v) > deg'''(f ) 
for all V £ V{G) \ {vq} and D' stabilizes to D. 

Proof. We begin with the easier of the two directions. Assume that D is WQ-recurrent and let D" be some 
divisor such that D"{v) > deg~'"(w). By definition, 13 is w — reachable from D" , therefore there exists some 
effective divisor E such that D" + E = D' stabilized to D. This gives the existence of the D' in the stament 
of the theorem. 

Conversely, given some wo-sandpile configuration D' such that D'{v) > deg^(w) for all v G V{G) \ {vo}, 
which stabelizes to D, we will show that D is wo-recurrent. Take some D" , a UQ-sandpile configuration. We 
will show that D is wo-reachable from D" . First let D" stabilize to the configuration D'". Now D'" < D' 
so that D is uo-reachable from D'" . Let D' - D'" = E>0. We claim that D" + E stabilizes to D. By the 
observation made above, that stabilization is independent of a choice of firings, it is sufficient to show that 
there exists a sequence of firings which brings D" + E to D. Because D" + E > D" we can perform the 
sequence of firings which brought D" to D'". This sequence of firings brings D" + E to D'" + E = D' and 
this now stabilizes to D. 

□ 

The following definition is for the unconstrained row chip-firing game introduced in the previous section. 
We say that a divisor D is vq- negatively achievable from D' if there exists a sequence of borrowings by 
individual vertices such that at each step the vertex which borrows has a negative number of chips prior to 
borrowing. 

Lemma 3.14. A divisor v is v^-reduced if and only if there exists a divisor D with D{v) < for all 
V G V{G) \ {vq} such that v is VQ-negatively achievable from D. 

Proof. We will first show that if a WQ-sandpile divisor, is UQ-negatively achievable from D with D{v) < 
for all V S V{G) \ {vq} then ly is wo-reduced. We now introduce some notation, which will be useful for this 
proof. Let S : Vai , • • ■ , Va^ be the sequence of vertices which borrow and let /s < be the corresponding 
firing so that D — Q^fs — v- Let fs,j be the firing strategy defined as fs,j[v) — \{i : Va^ = v,i < j}\ for 
1 ^ J ^ with fs,o ~ 0. Assume that v is not WQ-reduced and let / ^ be a natural firing such that 
ly — Q'^ f = i^' is a tiQ-sandpile divisor. If / + /s ^0 then there exists a maximal connected subset A of 
V{G)\{vo} such that (f + fs){v) > for all v G A, but the set A loses a net positive amount of money via the 
firing (/ -I- fs) contradicting the fact that D — Q^{f + fs) = ly' is a vq sandpile configuration and D{v) < 
for all V £ A. Because / + /s < we may take j maximum so that fsj > f + fs but fs,j+i ^ f + fs- This 
shows that < i^'(wa,+i) = (D - + /s))(waj+i) < (D- Q^/sj)(waj+i ) < 0, a contradiction. 

We now show that for any wo-reduced divisor there exists some D with D{v) < for all v G V{G) \ {vq} 
such that V is fQ-negatively achievable from D. Take v and greedily fire vertices in w g V{G) \ {vq} with 
an nonncgative number of chips until you obtain D with D{v) < for all v G V{G) \ {vq}. To see that 
this process will eventually terminate adapt the argument give in Lemma 13.61 for why greedy reduction of 
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a divisor terminates. We claim that D is the desire divisor. If we now, as above, we greedily borrow by 
vertices in w G V{G) \ {vq} which are in debt, we will stop at a wo-reduced divisor v' . To see that this 
process eventually terminates, again mimic the argument from Lemma 13.61 The fact that v' is wo-reduced 
was proven above. The divisor u' is clearly equivalent to and wq did not participate in the above process, 
hence the divisor obtained is equal to v. □ 

The authors, independently from Speer |24| . discovered the following theorem. 

Theorem 3.15. A VQ-sandpile configuration D is VQ-recurrent if and only if the divisor v is a VQ-reduced 
divisor, where ^{vi) = deg^ (vi) — 1 — D{vi) for all < i < n. 

Proof. Let K be the divisor such that K{vi) = deg'^{vi) — 2. We first note that the map (f>{D) — K + 1 — D 
is a bijection between divisors D such that D{v) > deg^(t') for all v G V{G) \ {vq} and divisors D such that 
D{v) < for all v G V{G) \ {vq}. The theorem then follows by observing that v is UQ-negatively achievable 
from D with D{v) < for all v G V{G) \ {vq} if and only if is wo-sandpile achievable from (l>{D) with 
> deg+(wO for all v G V{G) \ {vo}. □ 

We note that using the notion of equivalence given by the unconstrained row chip-firing game, the previous 
theorem shows that there are exactly rp UQ-recurrent divisors in each equivalence class. This is different from 
the case of undirected graphs or directed graphs with vq a global sink, where the recurrent state in each 
equivalence class is unique. 

We define a divisor D to be minimally wo-recurrent if, ignoring the value of Z3(fo), it is minimal with 
respect to dominance among all iJo-recurrent divisors. Using this definition we have a new way of describing 
the natural Riemann-Roch property in terms of the sandpile model for strongly connected directed graphs. 

Theorem 3.16. A directed graph, G has the natural Riemann-Roch property if and only if for each minimal 
VQ-recurrent divisor D there exists D' = D -\- keo, k € Z, Ei Z>o for < i < n such that Ei{vi) = and 
Ei{vj) > for j ^ i and D' ^ E^ and each D' is of fixed degree g — 1 G N. 

Proof. Clearly D is minimally vq recurrent if and only if, by Theorem l3.15[ we may fix D' as in the statement 
of the theorem such that v = K — D' + i \s extreme ?;o-reduced. Hence, G has the natural Riemann Roch 
property if and only if = Z?' — 1 G Ext{Yj{h) and is fixed degree 5 — 1, which occurs precisely when 
D' G Ext{Ti^{h)) and is of fixed degree 5 — 1. By Lemma [2.101 the Theorem follows. □ 

3.2 Column Chip-Firing Game, G-Parking Functions, and Riemann-Roch The- 
ory 

In this section we present a chip-firing game which comes from the columns of the Laplacian matrix. 

Definition 3.17. We call a divisor D a directed G-parking function (or simply G-parking) with respect to 
Vq if the following two conditions hold: 

(i) for all v G V{G) \ {vq}, D{v) > 0, 

(ii) for every set A C V{G) \ {wq}, there exists some u G A such that \{{v,u) G E{G) : u ^ A\\ > D{v). 

We introduce the following "column" chip-firing game wherein if a vertex v fires, it loses deg^(w) chips 
and sends a chip along each incoming edge {u,v) G E{G) (borrowing is defined as the inverse of firing). 
Note that the total number of chips is not preserved by firing in contrast to the previous "row" chip-firing 
game. It is not hard to see that if all vertices in a set A fire once then a vertex v G A will lose as many 
chips as it has edges leaving A, i.e., : u ^ A}\, while a vertex u ^ A will gain as many chips as it 

has edges entering to it from A, i.e., : v G A}\. One may view this game as a walk through the 

lattice spanned by the columns of the Laplacian of G and it follows immediately that if Z? is a divisor then 
(D - Qxa){v) = D{v) -\{{v,u) -.ui A}\iiv € A and [D - Qxa){u) = D{u) + \{{v, u) : v A}\ li u ^ A. 
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Because Q is orthogonal to 1, i.e., Ql = 6, we have that for any firing strategy / there exists some firing 
strategy /' such that Q{f — f) = and /' < xa for some A C V{G) \ {vq}- It is also worth mentioning that 
if i? = (rp, . . . , r„) e is the vector guaranteed by Lemma [5TT] such that R^Q — 0^ , then degj^{Qf) = 

for all / G Z"+^, i.e., the total number of chips is preserved in the "column" chip-firing game with respect 
to deg;j.(-). One may also interpret this fact combinatorially by assigning to each vertex Vi its own "chip 
currency" worth of a "universal chip currency" . Similar notions of "currencies" and "exchange rates" are 
employed when discussing chip- firing on arithmetical graphs in Section |4l 

A G-parking function with respect to vq is a divisor D such that D{v) > for all v G V{G) \ {vq} and 
for each set A C V{G) \ {vq} there exists some vertex v E A such that : u ^ A}\ > D(v). This 

definition is precisely analogous to the definition of a wo-reduced divisors from the "row" chip-firing game. 
More specifically, if we change to Q in definition of UQ-reduced divisor fPefinition 13. 3p . then we get the 
definition of G-parking function with respect to vq (Definition I3.17p . Hence, Dhar's algorithm introduced 
in [31 [TU] applies in verifying whether D is G-parking function with respect to i^q. Note that for undirected 
graphs the notion of a ug-reduced divisor and a G-parking function agree as the Laplacian is symmetric, i.e., 
the "row" and "column" chip-firing games are identical. It is a well known fact, and has several combinatorial 
proofs, that the G-parking functions are in bijection with set of rooted directed spanning trees [S]. 

An Eulerian directed graph H is a. directed graph such that deg'''(u) = deg~(u) for each v € V{H). The 
name is derived from the fact that they are exactly those directed graphs which possess a directed Eulerian 
circuit. 

Theorem 3.18. Let G be a strongly connected directed graph with Laplacian Q and let G' he the Eulerian 
directed graph with Laplacian Q^TZ where TZ = diag{ro, . . . ,r„) wherelZlQ. The directed graph G has the 
Riemann-Roch property for the column chip-firing game if and only if the directed graph G' has the Riemann- 
Roch property for the row chip-firing game. 

Proof. Let A'-^ — {Qf : f E Z"+^} be the lattice spanned by the columns of Q. It follows by Theorem 12.321 
that A^, has the Ricmann-Roch property if and only if TZA'-^ does. This is the lattice spanned by the rows 
of Q^TZ completing the proof. □ 

We note that the column chip-firing game for an Eulerian digraph is the same game as the row chip-firing 
game played on the same directed graph with as of the orientations of all of the arrows reversed. This 
explains why we are passing to the transpose of the Laplacian in the proof. 

Amini and Manjunath [T] have some results related to Eulerian directed graphs (which they call regular 
digraphs). By the previous theorem, all of these results extend to the column chip- firing game on strongly 
connected directed graphs. We also remark that for testing whether a divisor is WQ-reduced, the burning 
algorithm of Dhar may be applied (burning along incoming edges) and this algorithm can be used to obtain 
several of the results of Amini and Manjunath related to Eulerian directed graphs. 

4 Arithmetical Graphs 

Let G be a connected undirected multigraph, choose an ordering {?;o, . . . , w„} of vertices of G, and let A be the 
corresponding adjacency matrix of G. Let R = (ro, . . . , r„)-^ G N""*"^ be such that gcd{ro, ri . . . , r„) = 1 and 
let (5o, . . . , (5n G N be such that {V — A)R = 0, where V = diag{So, . . . , (5„). We say (G, R) is an arithmetical 
graph with Laplacian Q = V — A and corresponding multiplicity vector R, where for all < z < n the value 
is the multiplicity of the vertex Vi . Note that an undirected graph G can be considered as an arithmetical 
graph (G, 1). 

Consider the following chip- firing game played on the vertices of an arithmetical graph (G,i?). Suppose 
we have a "universal chip currency" and each vertex Vi has its own "w^-chip currency" such that each ii^-chip 
is worth ri of the "universal chip currency" . If a vertex Vi fires, it loses 6i of its own t)j-chips and sends j- 
tij-chips to each vj adjacent to Vi, where mi,j is the number of edges between Vi and Vj. We define borrowing 
to be the inverse of firing. Let Aj^ jj) be the lattice spanned by the columns of Q. It is easy to see that moves 
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in this chip- firing game correspond to translations of some divisor D by a lattice point I € A^c^j^y This 
observation allows us to make use of definitions and theorems from Section 2 when discussing the chip-firing 
game. 

Let (G, R) be an arithmetical graph and TZ = diag{ro, . . . , r„). Let Gr be the directed graph obtained 
from (G,i?) by replacing each undirected edge {vi,Vj) with rj edges directed from Vi to vj and edges 
directed from Vj to Vi . The chip-firing game for (G, R) corresponds to the row chip-firing game for Gr by 
converting each vertex's currency to the universal chip currency. If we define Qr be the Laplacian of Gr we 
may observe that = TZQ. By Theorem 12. 32[ it follows that the chip-firing game on (G, R) will have the 
Riemann-Roch property if and only if the row chip-firing game on Gr has the Riemann-Roch property. The 
row chip-firing game on Gr is strictly "finer" than the chip-firing game on (G, R) in the sense that a vertex, 
Vi need not have a multiple of universal chips, although by the previous observation this difference does 
not effect whether the Riemann-Roch property holds. 

In our discussion of the chip-firing game for arithmetical graphs we will borrow several definitions and 
methods from the row chip-firing game whose interpretation will be clear from the context in which they 
are used. In particular the definition of a wo-reduced divisor and the generalized Dhar's algorithm will be 
frequently employed. 

Theorem 4.1. Let (G, i?) be an arithmetical graph with Laplacian Q and let Gr be the associated directed 
graph. Then Gr has the Riemman-Roch property for the column chip-firing game. 

Proof. By Theorem 13.181 it is equivalent to ask the question for the row chip-firing game on the directed 
graph H whose Laplacian is TZQ' where Q' is the Laplacian for Gr. But Q' is simply QTZ and so H has 
Laplacian TZQTZ which as one can easily check is the Laplacian of the undirected graph obtained from G 
by replacing each edge (vi,Vj) with r^rj edges. By Baker and Norine, this graph has the Riemman-Roch 
property and this completes the proof. □ 

Let M = {D € £'xi(I](A(G,fl))) : deg^(£)) = (/,„ax — 1}- For each < i < n, let N{vi) denote the family 
of vertices which are adjacent to Vi counting their multiplicities. We call |7V(?;i)| the degree of the vertex Vi 
and we denote it by deg{vi). Recall the definition of go, the number such that 2go — 2 = X^ILo ''*('^« ~ 2). It 
is not hard to verify and is noted in [T5] that go is an integer. It is also easy to see that by firing all of the 
vertices of the G, we get ^27=0 "^i^i = Yh=o ?'ideg(wi). Therefore 2go-2 = Ya^o ri{Aeg(vi) - 2). 

Theorem 4.2. Let {G,R) be an arithmetical graph. Then gmax < go- 
Proof. The following proof is an averaging argument employing the generalized Dhar's algorithms and gives 
a bound twice as good as the naive bound. If one looks closely at the proof, it becomes apparent that 
arithmetical graphs are precisely those "directed graphs" for which such an averaging argument is effective. 
Let D € M. Choose a WQ-reduced divisor D' ^ D such that D'{vo) is as large as possible. For proving the 
theorem, it is enough to show that AegR{D') <go — l. Apply the generalized Dhar's algorithm to D' . For all 
Q < i < n and 1 < fc < r^, define J-i^k to be the firing strategy obtained from the generalized Dhar algorithm 
such that J-i^k(vi) = k and the successor of J-i,k is the firing strategy J-i,k — X{vi}- For each Vi e V{G) \ vq 
we obtain inequalities as follows: 
for each k where 1 < fc < r.;, we have: 

D'iv,)<kS,-l -^.,feK)|-l: (3) 

which follows from the fact that (D' — QJ^i.k){vi) < by choice of J-i^k- 
For the vertex vq, we know that for all 1 < fc < tq, 

kSo- ^ -^o,fc(wj) > 0, 
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by the choice of D' and the second assertion of Lemma 13.111 Because D' € A/", by (ii) of Lemma 13.101 we 
have that D'{vo) < 0. Hence, for all 1 < fc < tq, 

D'ivo) < Mo - J2 ^oA^j) - 1- (4) 

\v.i£N{vo) J 

Note that ^f^o ^^'^^ D'{v,) ^ D' ■ R ^ degj^{D'). 

Now, taking the smn over all inequalities in Q and (jlj), we have: 

n Ti n n Vi 

i=0 k=l i=0 i=0 k=l Vj£N(vi) 

We will now restrict our attention to X]"=o X^ILi ejv(u ) •^iA'^j)- reordering the sums, we have 

EE E -^^^i^.)- E E-^^fc(^^)+E-^^-.^(««) ■ 

We claim that \iviVj e E{G) then ^J^'^j^ + ^^^j^ J-j.^ (wi) ^riVj. We prove the claim by induction on 

Ti + Tj. If ri + Tj = 2, then the claim holds trivially, since = = 1. Now suppose r^ + r^ = to > 3. Without 
loss of generality, assume J^i^n is generated before !Fj,r in the run of the generalized Dhar's algorithm on 
D'. Hence 

E-^^'=(^j) + E-^J'^(^*) = ^J" + E •^^''(^j) + ^^jA'"^) = rj + in - l)rj = r,rj. 

k=l t=l k=l i=l 

The equality X^felTi^ -^i.kivj) + X^fci — i^^i ^ follows from induction hypothesis. This completes 

the proof of the claim. So 



E fE-^.^(-.) + E-^.-(-o)= E r^r, = l\±n E 

i<j, ViVj £E{G) \fe=l i=l / i<j, ViVjeE(G) 

Since QR = 0, for all < * < 12vjeN(vi) ~ "^i^i- Hence 

EE E -^^^K) = Me-^^^0- 

i=0 k=lvj^N{vi) \i=0 / 



(6) 



Now by substituting ^ into inequality (O, we have: 



n ^ / n \ n 

deg^D') < Y^iniin + m - 2)/2 - - E'^''^^ = E^'('5» - 2)/2 ^ go - 1. 

i=0 \i=0 ) 1=0 



□ 



So the above theorem shows that if, in a configuration of the game identified by D € Div{{G, R)), 
degji{D) > go, then D has a winning configuration. 

Corollary 4.3. gmax = go if and only if all inequalities in (0) and obtained in a run of the generalized 
Dhar's algorithm on a VQ-reduced divisor D Cz M are tight, i.e. if fi is the sequence of firing strategies obtained 
from the run of the generalized Dhar's algorithm on a vo-reduced divisor D G J\f, for allO<t<l-R— 1, if 
.ft+i = ft- XM then {D ~ Q{ft)){v) = -1. 
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It is clear, and demonstrated below, that ii D E Af and deg{D)—gmax-^, then for each v G V{G) and 
D' ^ D such that D' is -y-reduced, we have D'{v) = —1. The following theorem shows that the converse is 
also true. 

Theorem 4.4. Let D e JV. Then deg{D) ~ gmax ~ ^ if o-nd only if for each D' ^ D such that D' is a 
v-reduced divisor, D'{v) = —1. 

Proof. Suppose D E J\f with dcg(Z?) = g„iax — 1- Take v e V{G). By applying (ii) of Lemma [3. 101 we may 
pick D' ^ D to he a w-reduced divisor such that D'{v) = —1. Corollary 14. 31 implies that all the inequalities 
are tight, so for all f- reduced divisor D" ^ D, D"{v) = — 1. 

Conversely, assume that D E J\f is vo-rcduced and suppose that for each D' ^ D which is an extreme 
w-reduced divisor, D'iv) — —1. We wish to show that deg(£') — gmax — 1- Apply the generalized Dhar's 
algorithm to and define Ti^k to be the firing strategy obtained from the generalized Dhar algorithm such 
that J-i^k{vi) = k and the successor of J-i_fc is the firing strategy Fi^k — X{vi}- 

D{vi) <k5,-{ J2 ^^A^j)] (7) 

which follows from the fact that {D — QFi,k){vi) < by choice of Fi,k- By the previous corollary, to show 
that deg(D) = gmax — 1, it is enough to show that each of the inequalities from ([7]) hold with equality. 
For the vertex vq, we know that for all 1 < /c < ro. 

Mo- -^o,fe(i^j) > 0, 

Vj<^N{vo) 

this follows from the choice of D and the second assertion of Lemma [3. Ill Because D is extreme, by (ii) 
of Lemma [3. 101 we have that -D(uo) < 0. Hence for all 1 < fc < tq, 

D{v^) < fc^o - I ^^.k{vj) - 1. (8) 

\vjeN(vo) ) 

By assumption all of the inequalities for vq above hold with equality. So take Vi G V{G)\vq and 1 < < r^. 
For finishing the proof, we will show that [D — Q{J^i,k)){vi) = —1. Let the firing strategy / be such that 
D — Qf is -reduced and f{vi) — k, where the existence of / is guaranteed by Corollarv 13.91 Assume 
/' « / is a natural firing strategy. Let ft 's be the sequence of firing strategies obtained from a run of the 
generalized Dhar's algorithm on D. Take j as large as possible such that fj > /'. Let v G V{G) be such that 
fj+i = fj — X{v}- Let the firing strategy /" be such that /' = fj — f" where /" > and f"{v) — 0. We claim 
that = V,. If w ^ {uo.wj then {D-Qf'){v) = {D' -Q{fj- f")){v) < {D-Q{fj)){v) < 0, contradicting the 
fact that L>-g/'isawr reduced. If t; = wq, then (D-g/'X^o) = {D-Q{fj~ f")){vo) < {D-Q{fj)){v^) = -1 
since D — Qfj is a UQ-reduced divisor by the second part of Theorem 13.111 But this again contradicts the 
fact that D — Qf is a Wi-reduced divisor. Hence v — Vi and this finishes the proof of the claim. Therefore 
fj = J-i^k and we have: 

-1 = {D- Qf'){v,) = (D - Qif, - /"))(«.) = (D - Q{T,^k - /"))(«.) < - Q{^v,M)){v^) < -1. 
Hence {D — Q{J-i,k)){vi) = —1 as desired. □ 

We note that a more general version of the previous theorem can be stated for strongly connected 
directed graphs and might have been included in the section on Dhar's algorithm, but because we do not 
have statement like Corollary 14.31 for all strongly connected directed graphs, the statement of this more 
general theorem would have been awkwardly phrased. 
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Theorem 4.5. Let K = {So — 2, ...,5„ — 2) be a vector in Z"^^ . If g max ~ 9o then D E Af if and only if 
K-DeN. 

Proof. Without loss of generality, we may assume Z? is a t'o-reduced divisor. Apply the generalized Dhar's 
algorithm on D and let fi be the output sequence. Let Ti^k be the firing strategies defined in the proof of 
Theorem 

Define the divisor D' such that for all < i < n, 

D'{vi) = - ^^,r. + l-k){Vj) - 1. 

We claim that D' is well-defined. For proving the claim, it is enough to show that for all < i < n, the 
value of D'(vi) does not depend upon k. We will show D' ^ K — D. 

Since 5,„ax = go, Corollary [O] implies that for all < z < n, J^vjeNiv,) ^i,r,+i-k{vj) = (t"* + 1 - k)5i - 
D{vi) — 1. For all < i < n, we have: 

^ {R - F,^r,+i-k){vj) = E - (('^^ + 1 ~ ^)'^» ^ ^("^) " 1) = + + ^("^) + 1- 

Therefore, 



D'{vi) = fc(5, - 



^ (i? - - 1 = - (-5, + k6, + Z?K) + 1) - 1 = ,5, - 2 - D{v^). 

\v,(^N(v,) J 

Since deg^(/sr — D) = go — 1, for finishing the proof we only need to show that — _D is not equivalent to 
an effective divisor. 

Assume to the contrary that D' is equivalent to some effective divisor E and let / be such that D' — Qf ~ 
E. Let /' ss / be a natural firing strategy guaranteed by Lemma [3.21 Define a "reverse sequence" of firing 
strategies f^ = R — /j.^.j for all < i < 1 ■ R. Take t as large as possible such that // > /'. So there exists 
Vi € V{G) such that f'{vi) — f[{vi). By the definition of the reverse sequence, there exists 1 < fc < such 
that f[^ R- Ti^r,+\-k + X{«.}- Therefore, 

E{v,)<{D' ~Qf[){v,) 

= k8i-\ ^ (i?- -l-(ri-(r, + l-fc)-l)<5i+ ^ (i? - + XK})(t^j) 

= fc<5, - (r, - (r, + 1 - A:) - 1) - 1 = -1. 

Note that Y.vjeN{v,)^^'^ ^^,ri+\-k + X{v{)){vj) = Y.v,(iN{vi){^^ ^i.r,+\-k){vj). This contradicts the choice 
of E. Hence D' = K — D is not equivalent to an effective divisor. □ 

We should mention that Theorem l4.2l and Theorem 23] are due to Lorenzini [17j . His approach in proving 
these theorems is purely algebraic. As mentioned in [17] . he was interested in combinatorial proof of these 
facts which could be the one presented in this paper. 

Theorem 4.6. Let (G, R) be an arithmetical graph. If go ~ .9min = 5maxj then (G, R) has the Riemann-Roch 
property. Moreover, the corresponding directed graph has the natural Riemann-Roch property. 



Proof. The first part of the theorem follows as an immediate consequence of Theorem 12 . 261 and Theorem [431 
The second part of the theorem follows by Corollarv l2.31l which in this context says that if go = gmin = 5max, 
then the canonical divisor for the corresponding digraph Gr has ith entry deg~''(tii) — 2, i.e., Gr satisfies 
Definition 13.121 for the row chip-firing game. Moreover, we note that {So — 2,...,(5„ — 2) (deg('i;o) — 
2, deg(i;„) — 2) as is easily observed by computing Ql. □ 
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Corollary 4.7. Let {G,R) be an arithmetical graph. //Ajgjj) has a unique class of extreme divisors, i.e. 
i?xt(I](A(G fl))) = {ly + £ : £ (z ^{CR)}? then A(g'^^) has the Riemann-Roch property. 

4.1 Arithmetical Graphs with the Riemann-Roch Property 

Theorem 4.8. Let {G,R) he an arithmetical graph. If go < 1 then (G, i?) has the Riemann-Roch property. 

Proof. Let vq be a vertex such that < for all 1 < i < n. Let D be an extreme WQ-i'educed divisor with 
-D(wo) = ^1- By Theorem 14.21 q^av < go, so deg(I?) < ^max — 1 < 0. Now we have two cases: 

(i) D{vi) = for all 1 < I < n, part (ii) of Lemma [3.101 and the choice of ro implies that D is the unique 
extreme uo-reduced divisor, and the assertion of the lemma holds by CoroUarv 14.71 Note that in this 
case 5max 7^ go unless go = and ro = 1. 

(ii) There exists 1 < i < n such that D{vi) > 0. Since deg{D) < 0, ri = ro and Vi is the only vertex with 
D{vi) > 0. This implies that the divisor D' with D'{vo) = — 1 and D'{vj) = for all 1 < j < n is not 
an extreme divisor. Hence, go — .gmin — .^max — 1, and assertion of the lemma follows by Theorem 14.61 

□ 

Using the definition of go the following is immediate consequence of the Theorem 14.81 

Corollary 4.9. Let {G, R) be an arithmetical graph with all Si 's equal to two or all deg(wi) 's equal to two. 
Then (G, R) has the Riemann-Roch property. 

The former arithmetical graphs are those coming from the connection between Lie algebras or elliptical 
curves which have been classified [7j and the latter arithmetical graphs where the underlying graph is a cycle. 
The following two examples show that both cases described in the proof of Theorem 14.81 occur. 

Example 4.10. Let (G,R) be an arithmetical graph where G is the even cycle wo,...,W2n-i for n > 2, 
and for all < i < Ji — 1, the multiplicities of the vertices V2i and V2i+i are 1 and 2, respectively. Then 
5min — 5max = ffo = 1, and in particular (G,i?) has the Riemann-Roch property. 

Proof. We claim that the set of extreme uo-reduced divisors for (G, R) are the set of divisors Di — X{v2i} ^ 
X{vo} for all 1 < i < n — 1. Assume 1 < i < n — 1, and the vector / is a valid firing strategy with respect to 
vo such that Di — Qf > 0. Observe that if f{v2i) = 1, then in order to {Di — Qf){v2i) > we must have 
f{v2i-i) + f{v2i-i) > 3. By symmetry, assume that f{v2i-i) > 2. Since {Di — Qf){v2i-i) > 0, we have 
f{v2i-2) = 1- By repeating the argument, we conclude that /(wq) = 1, a contradiction. This shows that Di 
is iiQ-reduced and since = 1, (i) of Lemma 13.101 implies that Di is not equivalent to an effective divisor. 
For proving the fact that Di is an extreme divisor, it is enough to show that Di + X{vj} is equivalent to an 
effective divisor, for all < j < 2n — 1. 

It is easy to see that go = 1. If < j < 2ri — 1 is odd, then the divisor Di + X{vj} has degree 2 > go, 
thus Theorem 14.21 implies that Di + X{vj} is effective. We claim that for all < j < i < n — 1, the divisor 
Di + X{v2 } is equivalent effective. We prove the claim by induction on j. If j = 0, then the assertion of 
the claim trivially holds. So, assume j > and let / — X{D23-i,- -,t)2i+i}- ^ simple computation gives that 
Di + X{v2j} ~ Qf — Di+i + X{v2j--y}- The induction hypothesis implies that + X{v2j-^2} i^ equivalent an 
effective divisor, so is Di+i + X{v2 }- This shows that Di's are extreme uo-reduced divisors. 

Now assume that D is an extreme wo-reduced divisor. Part (ii) of Lemma |3. 101 implies that D{vo) = —1. 
If D{v2i+i) = 1 for some < i < n — 1, then D is not a wp-reduced divisor. The above argument shows that 
if D{v2i) — 2 OT D{v2i) — D{v2j) — 1 for some 0<i^j<n — 1, the divisor D is equivalent to an effective 
divisor. Obviously D ^ — X{t>o}' ^^"-^ ^^^i^ completes the proof of the claim. 

Since each extreme wo-reduced divisor Di, 1 <i <n— \ has degree zero, gmin — Smax — go- Theorem 14.61 
implies that (G, R) has the Riemann-Roch property. □ 

Example 4.11. Let (G, i?) be an arithmetical graph where G is a cycle vi,...,Vn for n > 3 and the 

multiplicity of vertex Vi is i for all I < i <n. Then {G,R) has Riemann-Roch property. 
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Proof. It is easy to see that go = 1. Now assume D is an extreme ui-reduced divisor. The part (ii) of 
Lemma [3.101 imphes that D{vi) — —1. If there exists 2 < i < n such that D{vi) > 1, then degree of D 
is at least one. Thus, Theorem 14.21 imphes that D is equivalent to an effective divisor. This shows that 
D = ~X{vi} is the unique extreme ?;i-reduced divisor and the assertion of the lemma follows Corollarv 14.71 

□ 

The following example introduced in flTJ has the Riemann-Roch property. 

Example 4.12. Let (G,R) be an arithmetical graph where G is a graph with vertex set {I'd, I'll such that vq 
is connected to vi with rgri edges where ro and ri are the multiplicity of the vertex vq and vi, respectively. 
Then (G, R) has the Riemann-Roch property. 

Proof. The proof follows from Corollary 14. 7[ since there exists a unique extreme wo-reduced divisor, D = 
-X{vo} + (t'o - ^)X{vi}- Hence gmin = 5max = .go- n 

Given any two integers tq > ri we can recursively construct a decreasing sequence r^'s where r^+i = 
Siri — ri_i, ri+i < and 6i € N for all z > 1. We call such a sequence the Euclidean sequence generated 
by ro and ri . Note that the Euclidean sequence generated by rg and ri is finite and it comes from a simple 
variation of Euclid's algorithm. 

Let (G, R) be an arithmetical graph. We define a Euclidean chain leaving vq generated by ro and ri 
to be an induced path G = vo,vi . . . ,Vn of length ti + 1 > 2 in G such that degQ(vn) — 1 where the 
corresponding sequence of multiplicities, tq, ri . . . r„ is the Euclidean sequence generated by tq and ri. Note 
that r„ = gcd{ri, Ti+i) for all < i < n — 1. If vo, ro and ri are clear from the context, we may simply refer 
to the path as a Euclidean chain. 

Lorenzini [TS] uses a slight variation of the Euclidean chain for building arithmetical graphs. We also use 
Euclidean chain to construct a arithmetical graph with the Riemann-Roch property. 

A Euclidean star generated by ro and ri is an arithmetical graph (G, R) with the center vertex vo with 
multiplicity rg and ro identical Euclidean chains leaving vo generated by ro and ri. We call the vertex vo 
the center vertex. When ro and ri are clear from the context, we will simply say Euclidean star. 

We will show that every Euclidean star generated by ro and ri with gcd{ro, ri) = 1, has the Riemann-Roch 
property. 

Definition 4.13. Let ro > ri be two positive integers with gcd(ro,ri) = 1. Assume ro,ri,...,rm is the 

Euclidean sequence generated by ro and ri . Given a nonnegative integer x, we say x has a good representation 
with respect to ro and ri if there exist < ti < Si ~ 1, for all 1 < i < m such that x = X]t=i Uri, and there 
exist nol<i<j<m such that ti ~ Si — 1, tj ~ Sj ~ 1 and for all i < k < j , tk — 5k — 2. 

Lemma 4.14. Let ro and ri be positive integers with gcd(ro,ri) = 1. Given a nonnegative integer x, x has 
a good representation with with respect to ro and ri if and only i/ < a; < tq — 1 . Moreover, if < x < ro — 1 
such a representation is unique. 

Proof. Assume ro,ri, . . . is the Euclidean sequence generated by tq and ri. We prove by induction on 
TO. If TO = 1, the assertion of the lemma is obvious. Now assume to > 2 and x is an arbitrary nonnegative 
integer. It is easy to see that ti < [^J- If ti < [^J, then x — tiri > ri, so by the induction hypothesis 
X — tiri does not have a good representation with respect to ri and r2 because gcd{ri,r2) ~ 1 and the 
Euclidean sequence obtained from ri and r2 is ri,r2, . . . ,r^. 

Hence, we may assume ti = so by induction hypothesis x — tiri has a good representation with 

respect to ri and r2. If ti < Si — 2, then the good representation of x — tiri with respect to ri and r2 extends 
to a good representation of x with respect to rg and ri . 

If ti ~ Si — 1, then X — {6i — l)ri — x — ro — r2 + ri < ri — r2, therefore x — tiri + 7-2 — Y1T=2 ^i^i ^ 
unique good representation with respect to ri and r2. We claim t2 > I. If i2 = then x — tiri + r2 has a 
good representation with respect to r2 and r^, therefore by induction x — tiri -f r2 < r2, so a; — tiri < 0, a 
contradiction. Therefore (^2 — 1)^'2 + X^I^ls is the unique good representation of a; — iiri with respect to 
ri and r2. We claim that iiri + (t2 — l)r'2 + X]i=3 ^i^i is the unique good representation of x with respect to 
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ro and ri. Uniqueness has been established so it remains to show that the representation is good. Assume 
the representation is not good. It follows that there exists i > 3 such that ti = 5i — 1 and for all 2 < A: < i, 
tk = — 2, and t2 — 1 = 62 — 2. Therefore, t2 — 62 — 1, which implies '^^2 ^'^^ ^ good representation 

of X — tiri + r2 with respect to tq and ri, a contradiction. 

Suppose there exists an integer x > ro such that x has a good representation with respect to tq and ri, 
x — jy^itiVi. Ifti < i5i — 2 then x — tiTi > (ro +r2) + 2ri > ri. So by induction hypothesis x — iiri does 
not have a good representation respect to ri and r2, a contradiction. Hence ti = Si ~ 1 and x — tiri < ri. 
This implies that x — tivi > x — (ro + r2) + ri > ri — r2. Let x — tiri = '^^2 ^i'^'i good representation 

of a; — iiri with respect to ri and r2. By induction hypothesis x — tiri + r2 > ri does not have a good 
representation with respect to ri and r2. Either there exists S < j < m such that tj = 5j — I, t2 + 1 = S2 — 1 
and ii = (5i — 2 for all 2 < j < j, or i2 + 1 = ^2, both of which contradict the fact that X]"=i ^-i^i ^ good 
representation of x with respect to ro and ri because ti ^ Si — I. □ 

Lemma 4.15. Let {G, R) he a Euclidean star generated by ro and ri with center vertex vq- Then the set of 
all VQ-reduced divisors are the set of divisors such that for any Euclidean chain C — vo,vi, . . . ,Vm leaving 
Vq, x = X^Zli is good representation with respect to ro and ri. 

Proof. Let 13 be a uo-reduced divisor and C = vqtVi, . . . ,Vm be a Euclidean chain leaving vq. It is clear 
that if X — D(vi)ri is not a good representation with respect to ro and ri then D is not a wo-reduced 

divisor. 

Conversely, let I? be a divisor such that for every Euclidean chain C = wo, wi, . . . , Wm leaving vq, x = 
S"=i D(vi)ri is a good representation with respect to ro and ri, but D is not a uo-reduced divisor. Let / > 
be a firing strategy such that /(wo) — and D' = D — Qf is a uo-reduced divisor. Note that the existence 
of / is guaranteed by Corollarv 13.71 Let C — vo,vi, . . . ,Vm be a Euclidean chain leaving vq. Without loss 
of generality we may assume /' ^ where /' is the projection of / into the first m + 1 coordinates. If 
f'{vi) > then J^iLi D'{vi)ri < 0, therefore there exists 1 < i < m such that D'{vi) < 0, a contradiction. 
Hence, X^IILi D'{vi)ri = X^IILi D{vi)ri. Since /' 7^ 0, by Lemma [3Tl and the uniqueness of the representation 
of X^i^i implied by Lemma [4.14[ J^TLi D'{vi)ri is not a good representation. Therefore D' is not 

?;o-reduced, a contradiction. □ 

Definition 4.16. Let {G,R) be a Euclidean star generated by ro and ri with the center vertex vq. We say 
a divisor S is a staircase divisor if there exists a labeling Co, ... , Cro-i of the Euclidean chains leaving Vq 
where Pi = Vq, 1, . . . , Vi^m is the induced path of Ci such that X]j=i ^{'^i.j)'''] is the good representation of 
i, for all < i < rQ — 1, and S{vq) = —1. 

Lemma 4.17. Let (G, R) be a Euclidean star generated by ro and ri with the center vertex vq. A divisor D 
is an extreme VQ-reduced divisor if and only if D is a staircase divisor. 

Proof. Let S* be a staircase divisor and Co, ... , C^q-i be a labeling of the Euclidean chains leaving vq where 
UOj Vi^i, . . . , Vi^m are the vertices of Ci. We claim that S is not equivalent to an effective divisor. For proving 
the claim, it is enough to show that all t^o-reduced divisors equivalent to S are staircase divisors. Let 
1 < fc < ro and fk be the firing strategy guaranteed by Corollarv 13. 91 such that fk{vo) — k and Sk = S — Qfk 
is a Wo-i'educed divisor. Note that since S* is a wo-reduced divisor, by Lemma [4. 151 the divisor S is Wo-reduced. 
So, as an application of part (ii) of Theorem 13.111 we may assume > 0. It is clear from the proof of 
Lemma [4. 151 J^JLi ^k{vij)rj is a good representation oi i + kri mod ro for all < i < ro — 1. Note that 5^ 
is a staircase divisor and Sfe(wo) = — 1- So (i) of Lemma 13.101 implies that Sk is not equivalent to an effective 
divisor. 

Now, we prove that for any wo-reduced divisor D not equivalent to an effective, there exists a staircase 
divisor S such that and D' ^ D such that D' < S. Let Co, ... , Crg-i be a labeling of the Euclidean chains 
leaving vq where vq, Vi^i, . . . , Vi^m are the vertices of Ci such that X^^li ^i'^i.j)'''] — SjLi D{vi+ij)rj for all 
< i < ro — 2. Let S be the staircase divisor defined by the same labeling of the Euclidean chains leaving vq. 
If for all < I < ro — 1, X]j=i ^("'^ij)^! — * then D < S, so we may assume that there exists < i < ro — 1 
such that X^Jli > i- Let k be such that kri = r^ — i — 1 (mod) ro. By Corollarv 13.91 there exist 
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firing strategies fu and fs such that /d(vo) — fs{vo) = k and the divisors Dk = D — Qfo and Sk = S—Qfs 
are wo-reduced. We claim that Dk is effective, in particular Dkiva) ~ 0. We have — fs{v£^i) — [^J 

for aU < £ < z - 1 and /.^(i;,^) = Js{vt,x) = Ti^l for alH + 1 < ^ < - 1, but foiv.^i) = [^^1 while 
fs{vi,i) = L'^J- This proves the claim and completes the proof of the lemma. □ 

Theorem 4.18. Let (G,R) be a Euclidean star then {G,R) has the Riemann-Roch property. 

Proof. By Lemma 14.171 we know that the set of staircase divisors is the set of extreme UQ-reduced divisors, 
hence 

rp- l 

5min - 1 = ffmax - 1 = ( *) ~ ^0 ^ ^0 ('^O " 3)/2. 

i=0 



Let V{G) — {vo, ■ . ■ , Vn}. Using the formula 



go-l^J2 ^Kdeg(i;0 - 2)/2 = ro{ro - 3)/2 ^[ \ ) - 1- 

1=0 



Now the assertion of the theorem follows from Theorem 14.61 □ 



4.2 Arithmetical Graphs without the Riemann-Roch Property 

It follows from Theorem 12.261 that an arithmetical graph (G, R) fails to have the Riemann-Roch property 
if {G,R) is not uniform or is not reflection invariant. The following examples show that all of these three 
possibilities can happen. 

Example 4.19. Let (G, i?) be an arithmetical graph, where G is the graph obtained by adding two edges 
connecting vq to vs to the 6-cycle vq, . . . , z;5, and the multiplicity of the vertex Vi is 1 if i (z {0, 2, 4} and is 2 
otherwise. Then (G, R) is neither uniform nor reflection invariant. 

Proof Let i^i = -XM + X{v2.v3,vi}, ^2 = -X{va} + X{«2} + '^-Xiv^} and Vi = -X{t>o} + '^XM + X{vi}- We 
claim that £ = {vi,V2tV^} is the set of extreme uo-reduced divisors of {G,R). Note that degj^(i^i) = 3 
and deg^(i^2) — degjj(i^3) = 2. For proving the claim we start by showing that i/i is wo-reduced. Let / be 
a valid firing strategy with respect to vq such that {Di — Qf ){vi) > 0, for all 1 < i < 5. If /(W2) = 1, 
since {Di — Qf)[v2) > 0, we have /(wi) + f{vz) > 3. If /(wi) — 2, since (£>i — Qf){vi) > we must have 
f{vo) > Ij a contradiction. So /(ws) = 2 and this implies that in order to have [Di — Qf){vs) > we must 
have fivi) = 3, a contradiction. This shows that f(vi) = 0, and by symmetry f{v^) = /(W4) = 0, which 
shows that f{v^) — 0. This shows that / = 0, which contradicts the fact that / is valid strategy with respect 
to Vq. Hence, vi is wo-reduced, as desired. By applying a similar argument, we can see that 1/2 and 1^3 are 
tiQ-reduced divisors. Note that since tq = 1, by Lemma [3.10^ 1). the wo-reduced divisors ui, 1/2,1^3 are not 
effective and they are pairwise inequivalent. 

It is easy to compute that degjj(i^i) = 3 = 50 — 1, so Theorem 14.21 implies that vi is extreme. Hence, 
by symmetry, we only need to prove that 1^2 is extreme. For proving this fact it is enough to show that 
D = 1^2 + X{vi} is equivalent to an effective divisor for all < i < 5. li i ^ {0,2,4}, then degree of D is 
4 = go, so Theorem 14.21 implies that D is equivalent to an effective divisor. Hi = 0, then D is trivially 
effective. If « = 2, then we have a firing strategy / = 1 — X{vo} such that D — Qf — ixivo] — 0- Also if 
i — 4:, then we have / — X{v4,vs} such that D — Qf = X{v2,V'^} ^ 0- This completes the proof of the fact that 
1^1,^2, V3 are extreme uq -reduced divisors. 

Suppose V is an extreme WQ-reduced divisor. It is easy to see that i'{v2) < 2 (by symmetry ^{vi) < 2), 
since otherwise v — Qf > 0, where / = X{vi,v2}- Note that i^{vi) = i^iv^) — and I'ivs) < 1. It follows that 
£ is the set of UQ-reduced divisors and this completes the proof of the claim. This demonstrates that (G, R) 
is not uniform. 

Now, we are going to show that (G, R) is not reflection invariant. Let A be the lattice spanned by 
Laplacian of {G,R). By applying Lemma 13.61 and (ii) of Lemma 13.101 we conclude that Ext{'S{A)) = 
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{v + i : I £ K,v £ E}. Corollary mH implies Crit{K) = V + A, where V = {t:{v + 1) : v e E}. Let 

Pi — TT{vi + 1) = {vi + 1) — { ^"'n^R^^ R- An easy coniputation shows that pi — ^(—4, —3, 6, 2, 6, — 3),p2 = 

11, —7, 19, —7, 34, —7) and pz — 11, —7, 34, —7, 19, —7). For seeking a contradiction, assume there 
exists V e M*" such that -Crit{K) = Crit{A) + v. Either there exist £, £' , i" € A such that -pi = pi+£ + v, 
—p2 = P2 + £' + V and — P3 = P3 + i" + V, in this case 2{pi — pj) G A for all 1 < i 7^ j < 3. Or, there exist 
£,£' G A and {i, j, k} = {1, 2, 3} such that ~pi ~ pj +£ + v, and —pk = Pk+£' + v, in this case —pj = pi+£ + v 
and we must have —2pk + Pi + Pj G A. Note that A C Z^, so an easy computation shows that none of the 
above cases happen. This proves that (G, R) is not reflection invariant. □ 

Example 4.20. Let {G,R) be an arithmetical graph, where G is a graph obtained from where V{K4) = 
{vqtVi,V2,v^} , by subdividing the edge V2V3 twice. The multiplicity of the vertices Vq and vi are 2 and 
4 respectively, and the multiplicity of the other vertices are 3. Then (G,i?) is uniform but not reflection 
invariant. 

Proof. Let P — V2V4:V5V3 be the induced path connecting V2 to U3, i.e., the path obtained by subdividing the 
edge V2V3 in the graph K4. 

Leti/i = -X{vo}+X{v2,vi}, V2 = -X{t>o} + 2X{t)2} audita = -X{va}+'^X{v3]- We claim that f = {vi,V2,V3} 
is the set of extreme UQ-reduced divisors of (G, R). By running the Generalized Dhar's Algorithm on each Vi, 
1 < i < 3, itis not hard to see that vi X{t>o} +X{i>3,i>5}' X{vo]+X{v3,vi} and 2^3 X{vo]+X{v2,vr^}- 

We will leave the details of the fact that i^^, 1 < i < 3 is wo-reduced to the reader. (It follows from 
Lemma 13. Ill or case analysis similar to that one used in the proof of the Example 14.191 ) It is easy to 
compute that go — 7, and for a\\ v £ E and < i < 5, deg^(i' + X{vi}) ^ 7. Now, Theorem 14.21 implies that 
v + X{vi} is equivalent to an effective divisor. This shows that Vi, \ < i < i is extreme WQ-reduced. 

To finish the proof of the claim, it is enough to show that if v is extreme ug-reduced divisor then v £ E . 
Note that v(yi) = since otherwise v — Qf > where / — X{vo} + 3x{t>i} + '^X{V2,V3,V4,V5}- Also, note that if 
'^{^2) > 1 and h'{v3) > 1, then v — Qf > X{vi} where / = X{vo....,vs}- This shows that there exists 1 < i < 3 
such that V = Vi ov v ^ Vi. 

The uniformity of (G, R) immediately follows from the fact that for all v € E, degj^(i^) = 4. 

For proving the fact that (G, R) is not reflection invariant, we apply a similar argument we used in the 
proof of Example l4.19l Let V = {pi,P2,P3} be the same set as defined in Example l4.19l An easy computation 
shows that pi = i(-2, -1,4,-1, 4, -l),p2 = i(-2, -1, 7, -1, 1, -1) and = i(-4, -3, 1, 7, 1, -3). For 
seeking a contradiction, assume there exists w e such that —Crit{A) = Crit(A) + v. Either there exist 
i, £', £" e A such that -pi = pi+ £ + v, -p2 ^ P2+£' + v and -p^ = P3 + I" + v, in this case 2(pi - pj) e A 
for all 1 < i 7^ j < 3. Or, there exist 1,1' £ A and {i, j, fc} — {1,2,3} such that —pi ^ pj ^ £ ^ v, and 
—pk — Pk + ^' + f , in this case —pj = + + f and we must have — 2pfe + + Pj S A. Note that A C Z^, 
so an easy computation shows that none of the above cases occur. This proves that (G, K) is not refiection 
invariant. □ 

Example 4.21. Suppose R = (ro,ri,r2) = (1,2,3). Let (G, i?) be an arithmetical graph where G is a graph 
with vertex set {vo,vi,V2} such that the multiplicity of Vi is ri and Vi is connected to Vj with rirj edges for 
all < i ^ j < 2. Then (G, R) is not uniform but it is reflection invariant. 

Proof We claim that vi = -X{vo} + 3X{vi} + 2X{u2} and 1^2 = -X{vo} + X {vi} + 3x{v2} are the only extreme 
fQ-reduced divisors. Suppose v is an extreme WQ-reduced divisor. Lemma 13.101 (ii) implies that ^{vq) = — 1. 
It is not hard to see that vivi) < 3 and i'{v2) < 3, otherwise 1/ — Qf is effective where / = X{vi,v2} and 
/ = X{vi} + 2x{i,2} respectively. Moreover, if = ^X{i>o} + '^X{vi} + 3x{i)2}' then D — Qf is effective where 
/' = 2x{vi} +3x{t)2}- Therefore the only possible extreme divisors are vi and 1^2- By running the generalized 
Dhar's algorithm on vi and 1^2, and applying Lemma 13. Ill one can check that vi are 1^2 are uo-reduced 
and therefore they are not equivalent to effective divisors. Note that the above computation shows that we 
already checked some of the different possible firing strategies in a run of the generalized Dhar's Algorithm 
on vi and 1^2 ■ 

So, we claim that if an arithmetical graph (G, R) has only two wg-reduced divisors then (G, R) is refiection 
invariant. Let A be the lattice spanned by Laplacian of (G, R) and E be the set of extreme divisors of A. 
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By applying Lemma [3.61 and (ii) of Lemma I3.10[ we conclude that Ext{'E{A)) = {ly + £ : £ E A,!/ E £}. 
Corollary 12. 141 implies Crit{K) ~V + K where V = {7r(t^ 1) : v E S}. Let vi and V2 be the only extreme 
VQ-divisors of (G, R) and pi — ■k{i'i + 1) and p2 — tt{i'2 + !)• For proving the claim its enough to show that 
—Crit{A) = Crit{A) + v where v = —pi — p2- Assume p E Crit{A), therefore there exists 1 < i < 2 and 
£ E A such that p = pi + £. Now, it is easy to see that pi + £ + v = —pj + £ = —{pj~ £) where j = — « + 3 
and pj — £ E Crit{A). This completes the proof of the claim. 

So by a similar argument mentioned in proof of Example I4.20[ {G,R) is reflection invariant. Since 
deg^(^) — 11 and deg^(i^') = 10, we have (?max = 12 and gnun — H- This shows that (G, R) is not uniform. 
□ 
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